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Abstract: The behaviour of a renormalized field theory under scale transformations x — Ax;
p = p/\ can be found in a simple way when the theory is regularized by the continuous
dimension method. The techniques proposed here have several applications in dimension-
ally regularized theories: short distance behaviour is expressed in terms of the single
poles at n = 4, and all coefficients in front of the higher poles 1/(n — 4)k are expressed
in terms of those of the single poles 1/(n — 4), without calculating any diagram. In some
cases the Taylor series in 1/(n — 4) can be summed, leading to some exact results for the
infinities of the full theory.

1. Introduction

The continuous dimension method has recently been advocated by many authors
as a useful device for obtaining a finite perturbation expansion of a renormalized
field theory [1, 2]. As its main advantages one usually mentions the facts that no
additional regulator diagrams are needed that would make the algebra more com-
plicated, and that complicated symmetries like local gauge invariance are left intact [1]

In this article we would like to point out still another useful aspect: it becomes
rather transparent how the theory behaves under spacetime scale transformations.
This behaviour is described by a simple differential equation, closely related to the
Callan-Symanzik equation.

Our technique cuts both ways: we also find an important set of equations be-
tween the residues of different poles at n > 4.

2. The role of the unit of mass in the subtraction procedure
Let £(yp;, ) be a Lagrangian for a renormalizable field theory with fields ¢;, in
which A is an expansion parameter, for instance a coupling constant.

The continuous dimension method consists in considering the theory in a “space-

* On leave from the University of Utrecht, Utrecht.
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time” with dimension n # 4. For all integrals that can occur in the perturbation
expansion, one can define in a unique way its finite part as an analytic function of
n.

If we now consider the limit n - 4 we encounter poles of the type (n — 4)~%,
which can only be removed if we let the coefficients in & also vary as a function
of n. Thus the Lagrangian £ (p;, A) is replaced by

£= 2(‘P,’, )\) + AS (‘pp x) n) )

A(y) . }\2[ B(y;) . Cyy) ]
n—4 n—4 (n_4)2 *

The Lagrangian (2.1) is constructed such that all Green functions remain finite as
n - 4, order by order in the perturbation expansion in A.

Now, if the Lagrangian 2+ A% can be obtained from & itself just by renor-
malizing the parameters and rescaling the fields (and, if necessary, performing
gauge transformations), then the theory is called renormalizable. We shall only con-
sider that case.

The S-matrix will depend only on those parameters which are invariant under
field transformations or gauge transformations. Let us first consider these param-
eters and let us furthermore assume, for the time being, that there are only two of
them: a mass parameter m, and a coupling constant A, occuring in the form of
terms like

Al= A

(2.1)

1 59 i
—5mip and - 5‘—{}\\04 (2.2)
in the Lagrangian. The more general case of an arbitrary number of parameters will
be discussed in sect. 5. In this section we shall not use the particular form of the
terms (2.2) except that they define the dimension of these parameters: if we assign
to a derivative a“ dimension 1, the Lagrangian has dimension #. A boson field ¢ has
therefore dimension (n — 2)/2. A mass m has dimension 1 and X in (2.2) has dimen-
sion
n-2

n—4 3

=4—n.

Now in the theory at non-rational »n, all divergent integrals in the pertubation
expansion can be redefined in terms of convergent integrals in a unique way [1].
This procedure conserves all possible symmetry aspects of the original Lagrangian,
including its scale transformation properties. So, at non-rational # the parameters
m and A in (2.2) have a well defined and unique meaning, and their dimension is
not influenced by the interactions*. We therefore call these parameters the bare

* Note that our subtraction procedure at n + 4 differs in a crucial way from that of Wilson,
ref. [3], who uses a cut-off A, whereas we first redefine divergent integrals. This is why
Wilson gets anomalous dimensions also at n # 4 where we do not.
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parameters which we shall denote with a suffix B: Az and mg. However, as stated
above, we have to let these bare parameters go to infinity while n = 4. This we do
by expressing them in terms of two finite (but rather arbitrary) parameters Ag and
myg, and n (R standing for “renormalized”). We shall choose Ag and mpg to be di-
mensionless and independent of n, although we may substitute, if we wish, a func-
tion that depends in a given way, but always smoothly, on n.

To express Ag and mp in terms of Ay, mg and » we need a unit of mass, 4,
that is kept fixed. So, in practice, we shall have an expansion in terms of Ag of the
following type:

ay5(mg)N} +a13(mR)7\§ \ +a23(mR)x§

>\B =u4-" [}\R +

n—4 n—4 (n_4)2
@, (mp )N @p(mo)NS
+_24__R__R_+.,_+3_4_13_5+,__+,,,] ,
(n—4)2 (n—4)>3
2 2
- [m +b11(’"R))‘R+l’12(’”R)7‘R+ +b22(mR)>‘R ]
B [.l R n_4 n_4 PR (n_‘4)2 .o .

(2.3a)
The coefficients a,;, b,; can be calculated [1, 2, 4] from the Feynman diagrams*

v
of order i in A. If we want not only the S-matrix, but also Green functions to re-

main finite at n = 4, we also must renormalize fields and gauge parameters. Our
methods will apply to these renormalizations also (see sect. 5).

It will be more convenient not to expand in terms of Ag, and to write eqs. (2.3a)
as,

e, a,(mp,AR)
g =utn [+ I3 2TRORT]
v=1 (n—4)Y

- bv(mR’AR)
mg =4 [mR + v=21 —(n—::)-v— ]. (2.3b)

Now, of course, eq. (2.3) is not the only expression for Ag and mg which will
lead to a finite S-matrix as » > 4, because one can always substitute

AR _’AR +el(n—'4)+22(n—4)2... s
mg >mg +f1n—D+fLn-H2 ..., (24)

so that we get a different series of the kind

* Actually, the coefficients  are independent of mp and b are proportional to mp (see sect. 4),
but for sake of clarity we do not want to use that information here.
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i N
Ap =M4_"[ 2 ¢ (mp , \g) (n — 4k +Ag t ) LR R)]
k=1 v=1 (n — 4)"
d = b'(m,,\
mpg = [ 20 dy (i Ng) (n — 4K +mly + M] 2.5)
k=1 v=1 (n—4y
This corresponds to the usual ambiguity in any renormalization formalism, but it is
easy to convince oneself that the subsidiary condition that all coefficients ¢; and d;
in (2.5) be zero makes the expansion (2.3) unique, (once we have chosen a value
for u), because two different ones cannot possibly both yield an S-matrix that is
finite, order by order in the perturbation expansion. We shall from now on assume
that all necessary transformations of the type (2.4) have been performed such that
this subsidiary condition holds, so that we have series like (2.3) and not (2.5)*. On
the one hand this requirement also leads to a definition of Ag and mp in a given
theory (in general they do not correspond to the more usual definition like on-mass-
shell coupling constant or physical mass), but on the other hand it will be clear that
this definition will depend on our “unit of mass™ u.

3. The scaling properties of A and mp

Suppose we calculate a diagram with loops that is ultra-violet divergent but does
not become infra-red divergent as m - 0. After application of our regulation tech-
nique and insertion of the series (2.3) the result will contain powers of

2
loglc_ , 3.1
2

where k is a typical external momentum and u is our “unit of mass”.

It will be clear that the perturbation expansion will only be applicable if (3.1) is
resonably small, that is, we must choose u to be of the order of k. If we want to
study limits like k2 - oo or k2 - 0, it is of importance to vary u also. So it is of
importance to compare the same theory at different choices of u. Our result will be
the discovery of a well known fact [5] in 2 new way: the anomalous scaling behav-
iour of renormalizable theories.

Consider a new unit of mass, ', somewhat larger than u:

' =u(l te), lel €1, 3.2)
and express Ag and mp in terms of the new unit:
* For practical calculations this condition for the counter terms is probably not the most

convenient one, due to the appearance of numbers like the Euler constant v in the higher
coefficients.
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Ag = W) [1 +e(n —4)] [AR+EI( 4).,]
v=1 (n —

= a,+tea
=(u )4 n [e(n —4)Ag tAg teaq; + )R Vﬂ], (3.3)
v=1 (n—4)
and similarly
b,
mpg =u'[1 — €] [mR + E :l . (34)

v=1 (n — 4y

Note that the series (3.3) is not of the desired type because of the occurence of a
term proportional to n — 4. We have a series of the type (2.5) instead of (2.3). This
can be cured by substituting for Ay a slightly n-dependent quantity, that is, by per-
forming a transformation of the type (2.4):

AR =Ag —€(n —4)Xg . (3.5)
The series (3.3) and (3.4) then become (note that also 2 and b depend on A):

)\B = ([.l,)4_n [RR +ea1 - 5>\Ra1’ A

f} av(mR’ >\R) + €d,41 — e)\Rau-O-l, A ]
+ *

3.6)
v=1 (n—- 4"
and -
-~ & b, (mg,\g)—€b, —¢€b
mg =’ [mR —emp —€Aghy A t+ > > v+l )\] , 37D
’ v=1 (n —4)"
where a,, , stands for da,(m, J\R)/a 7\R, and similarly b, ,,4a, m,b, ,,. Now,

egs. (3. 6) and 3.7) have the desired form of eq. (2.3).
Indeed, the values of Ag and mp have changed in a non-trivial way. We have to
define

)\i{ =’XR +e(a1 —’XRal,A) .
mp =mp —e(mg +')TRb1, R (3.8)

In sect. 2 we admitted that A, mg may depend explicitly on n, but all physi-
cally relevant quantities are smooth functions of Ag, mg and #, and, therefore,
only the values of Ag and myp at n =4 are relevant. At n = 4 we have )\R = AR, S0
we obtained the desired transformation properties of A and m:
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If we change our unit of mass u into 4’ = u(1 + €), then we have to change our
renormalized parameters Ag and mpy respectively into

' b
)\R -)\R + e[l —)\R ﬁ—R]al(mR,xR) ’

' 0

in order to obtain the same renormalized S-matrix following the same prescription
of sect. 2.

Note that only the residues of the single poles of Ay and mpg contribute to these
scaling properties of Ag and mpg.

Egs. (3.9) are in fact differential equations for Az and mp as a function of u.
Examples of such equations will be discussed in sect. 6.

4. Identities for the coefficients a,, and b,,

We have not yet written down the complete series that replaces (2.3) after a
scale transformation u - u'. The substitution that has to be made in (3.3) is the
product of (3.5) and (3.8):

AR =Ag —e(n— A, +e(—ay +)\'Ra1, NE
mp =mp +e(mg + AR Dy ) @.1)

We get from (3.3):

r — ! = 1 ’ ! ’
Ag =(u y4-n [)‘R + 2 {a,(mg, Ag) +€a,41 — €Xga 4y 2

v=1 (n—4)¥

' ' [ (4’2)

tea, \(—a) + 7\Ra1, N €a, m(mR +Agby, )\)}] ,

and
14 14 S l ! r r
mg =u [mR+ Z%( 4)v{bv(mR,>\R)—ebu—e)\vaﬂ,)‘
v= n —

(4.3)

teb, \(—a; + xi{“l, AVt ebu,m(m'R + )"Rbl, 7\)}] .

Note that a,, b,, mg and Ay are all dimensionless. Obviously, the functions ,, and

b,, are independent of u.
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But, as has been argued in sect. 2, the series (2.3) is the only series that leads to
a finite S-matrix at n - 4. Hence the series (4.2) and (4.3) must be the same as
(2.3), so the “correction terms” proportional to € must all cancel. Those terms pro-
portional to € that are of zeroth order in 1/(n — 4), have been made to vanish by
construction, but for the higher order ones this observation leads to important
identities between the coefficients a,,, b ,:

v pe
2, \(=2 *Ag2) )8, (Mg +Agby ) =ARAye1 A ~Gpuy (4.42)
b, 24y +Agay \)*b, (Mg +Agby ) —b,=Agby i 0 (4.4b)

This is the set of equations we alluded to in the beginning. For instance, it follows
that in (2.3a)

da )
2_0:; (4.52)
3mR
oa
=9,2 i3, .
2a,3 =207, tmy a’ﬁ; ; (4.5b)
3by,
mRm = bll > (45C)
b2 ab
_ 11 12
2by=p12b11 +7,,”R tmp Bmg by - (4.5d)

and so on. We see that g, is independent of mg and b, is proportional to mg.
Now, one can show [1] that all counter terms in the dimensional regularization
procedure are not only polynomials in terms of external momenta but also in terms
of masses my . In particular, there is no singularity at mp — 0. Given this fact, it is
not difficult to derive from eqs. (4.4) that all coefficients a;; are independent of mg
and all coefficients bi/' are linear in mp, so the last term in (4.5b) and the last two
terms in (4.5d) may be dropped; likewise one can then substitute a, m=0;
by m =b,/mg in (4.4). A qualitative interpretation of (4.4) can then perhaps
be made: the subdivergences of a diagram are expressed in terms of over-all diver-
gences and subdivergences of subgraphs. We have not checked the possibility of
this interpretation in detail. The validity of (4.4) has been checked in some exam-
ples.

Eqgs. (4.4) may be reformulated in terms of a differential equation for the func-
tions

n) = Z“; auO\R’ mR)
v=1 (n—4)¥

a(xRa mR H , etc.

This equation, for the Ag* theory, will be discussed in sect. 7.
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5. Generalization towards an arbitrary number of parameters

The preceding section was meant to illustrate our arguments in detail for the
case of only two different kinds of parameters. Let us now take a renormalizable
theory with an arbitrary but fixed number of parameters A, which in a bare
Lagrangian have dimension DX

Dk = p(k)(4 —n)+ 9y - G
Again we write #
= 4,(Ag)
X = ubk [x’l; + 25 2R ] (5.2)
v=1(n— 4)"
In gauge field theories also renormalization of gauge parameters o may be needed:
k = b\, o)
oy =% [a + 5 TRORT), (53)
v=1 (n—4)y

Renormalization of the fields can also be considered:

k = KOy, og.vR)
np’]; =pD¢ [qu +,§1 —_(:—_%-;—R-] 54

Both ay and g do not enter into (5.2) so the physical parameters Ag will satisfy
equations among themselves. In order to find the scaling behaviour, or the pole
equations, for ag and gy one simply absorbs (5.3) and (5.4) into (5.2). From now
on we assume that that may have been done.

Consider

W=p(lte); (5.5)
the equivalent of eq. (3.3) is

~nk
A =Wy [ep(k)(n — R+ AR *epgdt — €9k

(5.6)
o k k
D> @y~ €ogyay + ep(k)awl]
v=1 (n—4y
Let us write
! ' 5.7
N =N'h —epgyln — VK 8%, -7

and substitute that into eq. (5.6).
The term & )\Il‘z is required to be such that the first term of the seriesin 1/(n —4)
then obtained, will be just Ap ; hence
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6)\" =€0, 7\ k —ep(k) Z}eal ,p(l)h ; (5.8)

where a* ,stands for (a/ax )akO\R) Now

% - (04 2

key? k k
1 (n— 4).,{“,,0\)—60(,()% TEP)p+1
v

“ZGP(I) a,41, ] R tE E” 1((1) R ~Pu? 1

+ f?ai’mp(m)k"l’{)}] . (5.9)

Putting n = 4 in eq. (5.7) we find the scaling properties of the parameters Ag :
“I = #(1 + e) ,
rk _k k k k 1
NgR —AR—eo(k) AR tepgyay — € lEal,lp(I) AR (5.10)

and the generalization of egs. (4.4) becomes

k ! I ! m k
4?%,1("(1)7‘1( =Pyt % 2 mPem) ) ~ %)%y

= k ! k
= IEav-rl,lp(I))‘R “ P41 - (5.11)
In most theories the parameters with o(k) = O will only get counter terms that
are independent of the other parameters. This observation leads to a simplification
similar to the one in the end of sect. 4.

6. Scaling behaviour of some theories

Let us define a scaling parameters s by
1=yt ILESLION 6.1)

Then we can rewrite egs. (5.10) in terms of a differential equation:
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dak
R _ k k k 1
== Oy M ek ) — ‘IE ok 00N, - (6.2)

This equation is nearly, but not quite, identical to the Callan-Symanzik equation
[S]. Here the coefficients are expressed in terms of the dimensions and the poles
of the parameters.

Let us again consider the case that there is only one parameter A with 0 =0, as
in \g* theory. Then ay only depends on this parameter (see sect. 4) and we have
a (non-linear) first order differential equation with one variable. Using the notation
of (2.3a) and dropping the suffix R, we get

da
%s’l =400 ~ g5

It will be clear that the behaviour of the theory under scale transformations de-
pends crucially on the relative sign of A and a,.

Two examples of one-parameter theories are well known: (i) the scalar theory
with coupling — A¥*4. The sign of X is usually taken to be positive, in order for the
Hamiltonian to be positive definite; (ii) quantum electrodynamics. Here X is to be
replaced by e2, which is always positive.

Both of these theories have a3 <0 which implies that Ag (s) diverges as s—>+oo,
This implies that the small distance behaviour of these theories is not described by
the usual perturbation expansion. The long distance behaviour on the other hand,
can be found quite accurately because for s & —oo, XA = 0 and the first terms of the
perturbation expansion converge rapidly there. In this region we can give the solu-
tion of eq. (6.3):

=—a;, N2 +0(3). (6.3)

_ 1
)\R(s) = m‘l';* . (64)

eq. (6.4) may be used to find infra-red behaviour for massless theories, but in gen-
eral has no meaning if massive particles occur, as a consequence of *‘ultra-violet”
divergencies at m2 [u2 - oo,

In a pure Yang-Mills theory, also, A is to be replaced by g2, where g is the usual
coupling constant. So X > 0. However, in that theory a;5 >0 [4, 7] and the solu-
tion (6.4) is valid in the ultra-violet region s = +°, The same behaviour is found in
Ag? theory if A is taken the unusual sign [6].

A Yang-Mills theory with fermions can be written down [4, 7] with the proper-
ty a;5 = 0. In this theory the two-loop diagrams are decisive for its scale behaviour.

Suppose a;3 # 0. A small change in the theory can make @y, very small but not
zero. In that case the function a; — \(9a,/d}) in (6.3) must have a zero for a small

* The correctness of this argument is dubious. See ref. [6] and the last paragraph of this sec-
tion.
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value Ay of A. We then have a conformally invariant theory with a small coupling
constant, so that both the perturbation expansion and the conformal invariance can
be studied.

The situation becomes quite complicated if we have two or more parameters N
with Oy = 0 In general, eq. (6.3) will be replaced by

Dy
5=~ Gk Mg OO (6.5)
where af'k are determined by the poles of the one-loop graphs. In many cases the
solutions diverge at both ends of the s-scale [7]. Neither the ultra-violet, nor the
infra-red behaviour can then be calculated. In a certain example we also found that
a parameter Ap can easily change sign, which is one more reason to doubt the argu-
ment that the corresponding classical Hamiltonian must be positive definite.

7. Renormalization and the perturbation expansion

In this section we show an application of eq. (5.11). Let us again consider
egs. (2.3) and now write

At 2 a,0p) ——=A50g,n), (7.1)

v=1 (n -4y

where we confine to those theories for which g, are independent of mp (like in
A 4 theory, see sect. 4).

Putting also
ao = >\R N (7.2)
eq. (4.42) becomes
da da
v _ v+l
m(—al +)\Ral,}\)-AR—aXR—'—av+l B (73)

forv=0,1,2,...,0r
o, ( g
WA(}\R)'*()I —4) )\Rsk—l;’kn) =0. (7.4)

where A(Ap ) stands for a; — Agay ;.
The general solution of eq. (7.4) is

}\R 1
(A, )= da C . S
30" exp{cfo T A0y 101)} 3
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The integration path in A-space may be arbitrary. We must take in mind that A(\)
is for small X of order A2, so we write:

AQ) =224 M), (7.6)
and
)‘R 1
A = Ag €xp { -["a - +Cyn) |. (.7
3 (n—HA1Q) +

According to (7.2) we require that Ay > X, + O(Ai) if Ag > 0. It follows that in
eq.(7.7)
C,(m)=0. (7.8)

Strictly speaking eq. (7.7) with (7.8) should be interpreted as follows: expanding
it with respect to Ay one obtains a series of which each term has a certain singulari-
ty at n = 4. Substituting that series in the expansion of the S-matrix in terms of Ay
(which also has singularities at # = 4) one obtains as a result a series for the S-matrix,
in which each term is finite at n = 4.

But it is appealing to assume that if a perturbation expansion contains only finite
and well-defined terms, then the full theory will also be finite. In that case one mere-
ly needs to substitute eq. (7.7) itself into the “full theory” at n # 4, to obtain a
finite theory at n = 4. Of course, we have no means to check such an assumption,
but it is natural and let us see its consequences.

At n - 4, eq. (7.7) behaves like (if 4 (0) # 0):

ar
s —4) + 2O 4 log(n - 4) + R A) (142, (19)
40) U@y
where R (n,AR) is a function that behaves smoothly at n >4, and R(4,2g) de-
pends on AR :

1

R(4A)~— ————
PR @iy

+0 (log Ag), (7.10)

for small Ag.

So here is another remarkable result for renormalization theory: If the bare
coupling constant Ap in ¢*4 theory (or g% in pure Yang-Mills theory) is given an n
dependence as in eq. (7.9), then the theory is finite at n > 4.

Note that we may give Ag a smooth n dependence, so R, (n) is an arbitrary func-
tion of n, finite at n = 4. The numbers

AO)=-a,, amd A'©0)=-24a;, (7.11)

(see eq. (2.32)), correspond to the one-loop and two-loop poles respectively, and
can be calculated exactly. For instance
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A(0)= (7.12)
16 1r2
in ¢# theory (with the usual sign for A) and
io=- 2L, (7.13)
1272

for the coupling constant g2 in pure SU(2) Yang-Mills theory.

Although Ag —> 0 we have not a free field theory (the interaction strength is
roughly equal to Ag in eq. (7.10)).

Note also that our result, formula (7.9), only holds for the “full” theory, not the
perturbation series, as can be deduced from the singular behaviour of R (4, \g) at
AR - 0 (see eq. (7.10)).

In the same way the mass-renormalization can be calculated. Taking b,(}) pro-
portional to mg, or

my =pQ\g,n)mg ,

we find from (4.4b):
)\R ~
- BN
P()\Ra")—expof W , (7.14)
where
Aby \ =mgAB(N).

Here also one could consider first taking n - 4. We find that finiteness of the
theory then requires the mass renormalization (if A (0) #0):

my = (n— 4) 5(0)/Z(O)R2(n) , (7.15)

with R,(n) finite at n - 4, and proportional to m
Note that B(O) by /mpg (see (2.32)), corresponds to the one-loop mass renorm-
alization and can be calculated exactly also. In the Ag# theory

Bo)=- —1_, (1.16)

3272

and eq. (7. 15) becomes
my =(n—4)s Ry(n). (7.17)

It is remarkable that only one-loop infinities contribute to this mass renormalization,
while only the one and two-loop infinities determine the coupling constant renor-
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malization. It is left as an exercise for the reader to see what happens in a theory
with 4 (0) = 0.

8. Conclusions

Making use of the observation that at n # 4 all integrals in perturbation field
theory can be made finite, and that these finite expressions have the “naive” scaling
properties, we found that the scaling behaviour at n = 4 of dimensionally regularized
field theories can be formulated in terms of simple equations (3.9), (5.10), (6.2).
These equations are closely related to the Callan-Symanzik equations {5], but they
have the advantage that the coefficients are completely determined by the residues
of the poles at n = 4, which one adds to the parameters in the Lagrangian, in order
to make the theory finite at n - 4. In particular the single-loop contribution to these
poles (which are the most important ones) can be obtained rapidly for complicated
theories by means of a “pole-algebra”, to be derived in a future publication [4].

Further we derived equations between residues of lower and higher poles at
n =4, which are so stringent that in certain cases the complete singular behaviour
at n - 4 of the bare parameters in the Lagrangian can be determined exactly (eqs.
(7.9), (7.15)). The results in sect. 7 should, however, be interpreted with care, since
they hold only for the summed theory (if such a thing exists), not for the individual
terms in the perturbation expansion.
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