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Null surface stationary to the 2nd order

3d null surface in 40

spacetime M
EXists:
t )
Such that
Ltgluy =0 4 ;
[Ltv v,u] =0
LeRyvas =0 e,y =0

Assumption about M : G +Agu, =0



Intrinsic geometry
9., V- Spacetime geometry and derivative
H,V — M
a,b— H

V.0 =w, % - rotation potential

k' = w.l* - surface gravity

Assumption: k° # 0

G +Agu =0

g, p

Vak! = Low, =0 - zeroth law of thermodynamics

(gab;wa) determine Vi, degermine QW,V;,RW@B



Data on a 2d slice




Data on a 2d slice: summary

2d-surface S

Endowed with  (gaB,wa) modulo w4 =wa+ fa

Va -the corresponding derivative Vagpc =0 ViaVef =0

Scalar invariants:

Gaussian curvature: K
dw =: O dArea combineaq:
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The Weyl tensor in Newman-Penrose formalism
- Spacetime Weyl tensor in the null frame formalism may be

expressed by the following complex valued N-P
components:

Vg = Cara1, V1 = Cyzar VYo = Clyya3,
W3 = Cs432, Yy = (3030
- Four components are constant along the null generators
otH: py, —o, 1=0.1.23

- Additionally we assume: DV, =0

- The components ¥, and ¥ vanish due to vanishing of
the expansion and shear of 7 : Uy = Uy =0

- Uy s related to the complex invariant:



Possible Petrov types

The spacetime Weyl tensor at H Is determined by the
data

(Sa JAB, CUA)

Theorem:
The possible Petrov types of H are:

KN, D, JH, N O

wherein:

A

\IJ‘FE:O < 0 < K:% dw =0

A

V+ - #0 = generically Il, unless...
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The Petrov type D equation

We use a null 2-frame
gaB = mamp +mamp dAreagc = t1(mpmc — Mmemp)
Theorem:

At H the spacetime Weyl tensor is of the Petrov type D
iff the following two conditions are satisfied:

A
v 0
57

TTLATTLBVAVB (\If I



In local conformally flat coordinates

2
gAdeAde = ﬁdzdé m29, = PO,

The Petrov type D equation:

A
0z (P05 (¥ + E)_

Wl
N—
|
-



The Petrov type D equation as integrability condition for
the near horizon geometry equation

Theorem:
Suppose (gap,w4) satisfy the NHG equation, namely

1
Viawp) twawp + 5 (A = K)gap =0

Then they also satisfy the Petrov type D equation:

1, .
mAmPV AV (T + 6A)‘? =0
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Non-twisting
of the second principal null direction of the Weyl tensor

Theorem:
Suppose (gap,wa) satisfy the NHG equation, namely
1
V(ACUB) —|_CUA(UB —+ §(A — K)QAB — O

Then the null vector »’

orthogonal to the
corresponding slice S

is a double principal direction

S wa |9aB o of the spacetime Weyl
tensor at H.
/ In that case there exists another

symmetry t’ that is extremal



No-hair theorem for axisymmetric solutions to the Petrov
type D equation.

Theorem
The family of axisymmetric solutions of the Petrov type D equation
with (or without) cosmological constant defined on a topological
sphere can be parametrized by two numbers (A,J):
the area and angular momentum, respectively. They can take

the following values:

127 A |ANA 127
for A>0:J¢€ (—oo,oo) for A € (O,A> and |J| € [O,W 1277_1) for A € (A’OO>

for A <0:J € (—oo,oo) and A € (0,00)

Lewandowski, Pawlowski (2003) for A =0
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Embeddability of the axisymmetric solutions

Every solution defines a type D isolated horizon
whose Intrinsic geometry coincides with the intrinsic
geometry of a non-extremal Killing horizon contained
in one of the following spacetimes:

1). Kerr - (anti) de Sitter;
2). Schwarzschild - (anti) de Sitter ;
3). Near horizon limit spacetime near an extremal

horizon contained either in the K(a)dS or S(a)dS
spacetime;



The Petrov type D equationon S of genus >0

2
gAdeAde = ﬁdzdé m29, = PO,
. 9 A _ 1
The Petrov type D equation: 05 (P05 (¥ + E) 3) =0
A-1 F(z)
= F(2)0,

IS a globally defined holomorphic vector field

F(z) = const if genus =1
F(z) =0 if genus >1
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The Petrov type D equationon S of genus >0

Theorem. Suppose S is a compact 2-surface of genus >0.
The only solutions to the Petrov type D equation with a
cosmological constant A are (g,w) such that

A
dw =0 and K:const#g

Remark: There are no rotating solutions
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A bifurcated Petrov type D horizon: data

/
H H
S
/ o
dap — YAB
Wy — —WA
M. J. Cole, I. Racz, J. A. Valiente Kroon, / -
2018 U=

J. Lewandowski, A. Szereszewski, 2018



A bifurcated Petrov type D horizon: equations

The Petrov type D equations

for H:
1 1
mAﬁ”LB\/A\/B(\If + EA)_g =\
and for H’:
1 1
mAmBPVAVE(T +=A)"3 =0

6

hold simultaneously on §
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In local conformally flat coordinates

gapdx?de® = %dzdz m*0, = PO,
0z(P*0=(¥ + %)_%) =0 = az(xp+%)—% B Fzgj)
8Z(P20z(\11+%)_%) =0 = 82(\P+%)‘% = _]ﬁ?
. aZ(F]ﬁj)> _ az(;§)>
N Logap =0 b = F(2)0, — G(2)0;
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The axial symmetry without the rigidity theorem

Theorem:

Suppose (9aB,wa) defined on S satisfy the Petrov type D

equation 1 1
a mAmBVAVB(\If+6A)—§ =0

and the conjugate one

1,1
mAmPV AV (U + M)

Then, there is a vector field & at S such that

0

Logap =0 and Ledw =0

A
®* = Re/Im (dAreaABﬁA(\If + =)~

19 )

Wl
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Summary

The type D equation:

1 1 A 3
— A _B = T o _
mm VAVB< 2K 22(9+6) 0

Non-twisting of the second double principal vector if:
1
V(ALUB) + WAWRB T §(A — K)gAB =0

All the axisymmetric solutions of the type D eq. on topological sphere parametrized
by (A, J);

All solutions on genus>0 derived (non-rotating);
The extra (axial) symmetry in the case of bifurcated horizon;

Open problems: existence of non-axisymmetric solutions on topological sphere
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