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INTRODUCTION

Spinfoam model
& the sign problem

Photo Credit: R. HURT - CALTECH / JPL



SPINFOAM
MODEL

- Covariant formulation of Loop
Quantum Gravity in 4D

- Quantum space time
- Boundary: spin-network states
- Bulk: map

(W) = A

- Discretized spacetime:
Minimum unit: 4-simplex amplitude (space time atom)
Connection = Entanglement

[T.Thiemann 2007, A.Ashtekar, J. Lewandoski 2004, C.Roveill F.Vidotto 2015, A. perez 2003, J.Engle, E.Livine,
R.Pereira, C.Roveill 2008, L.Freidel K.Karsnov 2008, etc]



SPINFOAM
MODEL

- Covariant formulation of Loop
Quantum Gravity in 4D ‘Zlel ><ell

- Quantum space time
- Boundary: spin-network states
- Bulk: map

(W] :|)— A
- Discretized spacetime:
« Minimum unit: 4-simplex amplitude :/de_lde_2~--da:1

- Connection = Entanglement
X(zg,trlen_1,tN—1){(xN_1,tN—1]|TN_2,tN—2) - - - (T2, 2|21, 1)



SPINFOAM MODEL

. Spinfoam amplitude: (finite dimensional integral)
A= (W) = /D[¢]W[gb]?,b[¢] = /D¢e_s[¢] Path-integral formulation of LQG
- Semi-classical limit === Discrete gravity(Regge calculus)

- Observables:

- (WO [ D¢O[ple=519) Penrose metric:
O W T Do " (@) = 89 B} (2) B} )

e.qg., 2-point connected correlation function:

Gz, y) = (¢ (2)g° () — (¢°*(x)) (¢°%(y))

Semi-classical limit
graviton propagator

[C.Roveill 2006, A. perez 2003, E. Bianchi, L. Modesto, C. Rovelli, and S. Speziale 2006, E. Bianchi, E. Magliaro, and C. Perini 2009, E. Bianchi
and Y. Ding 2012, M. Han, Z. Huang, and A. Zipfel 2013]



SPINFOAM MODEL

. Spinfoam amplitude: (finite dimensional)

A= (W) = /D[gb]W[gb]ww] = /D¢e_s[¢] Path-integral formulation of LQG
- Semi-classical limit mmmp Discrete gravity(Regge calculus)

- Observables:

(O) = (W|O¢) _ [ DO[g]e= S
(W [ ¥) [ Dpe=519]

e.qg., 2-point connected correlation function:

Gz, y) = (g™ (2)g° () — (¢°*(z)) (¢**(y))

We compute g*<d numerically in this work




REQUIREMENTS

- Reliability
Can go to high spin limit <= Asymptotic results
Can adapt to multiple situation
- Euclidean/Lorentzian models
- Different values of 7
- Different boundary states

- Utility

- Can compute different observables:

(g (@)g* (1)), (¢"(@)), ("))~



SL2ZCFOAM

. sl2cfoam package
. “as
] U, R :: .
- Can only compute amplitude S Ko, BN S T
(so far) a e e LTI
- Boundary spin cannot be very (R "

large
0 5 10 15 20 25 30 35 @

Spin smaller than 100

Not suitable for the task

[P.Dona, S. Speziale, F. Gozzini, G. Sarno, efc]



Can we find an algorithm to do the computation?

Yes, we can!



PREVIEW THE RESULTS

- Results of Expectation values (E? - E2E; - E3)
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Horm Argument
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Leading order in1/A expansion

Thimble + Metropolis



PREVIEW THE RESULTS

- 2 3
- Results of Expectation values (E7 - EY)
Morm
- Argument
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PREVIEW THE RESULTS

- Results of Expectation values (E; - E3)

Norm
Argument
g e
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PREVIEW THE RESULTS

- Results of propagator component Gﬁw

Norm
Argument
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How to ...... ?

Do the integral directly!

) A o~ S[¢]
&) — W10k _ [ Do0lg)

W)y ~ [ Doe 50



THE SIGN PROBLEM

- Complex valued Action:
S(z) e C ¢y -5 oscillatory

- N-dimensional case:
~ [ DzO(z)e™5®)
O = T D@e s

should be O(1)

Oscillatory: / DzO(z)eS) ~ ¢=ON) Monte-Carlo: O (1/v/Neonr )

6_O(N) + O (1/ Neonf )
~ e_O(N) + O (1/\/m) — Nconf — €

(O) O(N)

[M. Fukuma and N. Matsumoto 2020]



THE SIGN PROBLEM

- Complex valued Action:
S(z) e C ¢y -5 oscillatory

- N-dimensional case:
~ [ DzO(z)e™5®)
O = T D@e s

Oscillatory: /Daz(’)(az)e_s(x) ~ e OW) Monte-Carlo: O (1/\/Nconf>

should be O(1)

O G_O(N) + O (1/\/ Neonf )
< (x)> - B_O(N) + O (1/\/W) — [Nconf — eO(N)J

Conventional Monte-Carlo is inefficient!



ONE SOLUTION!

. Lefschetz-Thimble integration:

[ 205 = | D05 = [ Da0(ze 5
RN DY

Vz € ¥ s.t. Im(S(2)) = constant

!

Vz e 2, O(2)e **) non-oscillatory

[E.Witten 2010, 2011]
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LEFSCHETZ-
THIMBLE

A cure of the sign problem




LEFSCHETZ-THIMBLE

. Lefschetz-Thimble J-

- Union of steepest decent (SD) paths
falling to critical point o when ¢t — o

e 1¢(5) gmall

- Steepest decent equation:

dz*  05(2)
dt  0z°

. Imaginary part of action: e 05 Jarge

2

dS_ 8Sdza__
dt  9ze dt

dS
0z

Im(S(z)) = constant



LEFSCHETZ-THIMBLE

. Lefschetz-Thimble J-

- Union of steepest decent (SD) paths
falling to critical point o when ¢t — o

e 1¢(5) gmall

. Steepest decent equation: ,
Solution

dz*  05(2)
dt  0z°

. Imaginary part of action: e 05 Jarge

2

dS_ 8Sdza__
dt  9ze dt

dS
0z

Im(S(z)) = constant

SD equation is not the equation of motion!



LEFSCHETZ-THIMBLE

- Picard-Lefschetz Theory:

[ aai@e s =Y n, [ araf@eso

o o

R"™ homologically equivalent to Z NeJo



LEFSCHETZ-THIMBLE

- Expectations values:

o d2f(2)e 5@ Y n, [, dnzf(2)e)

(f) fRn d" ze—S(2) Zo‘ Ny fjg dn ze—5(2)

- If one thimble dominate the integral:

ngrel Im(S(p,/)) fj / dnzf(g)e— Re(S(2)) fj / dnzf(g)e— Re(S(2))

(f) = -

ngre~1m(S(p,r)) fj dm ze— Re(S(2)) fj dm ze— Re(S(2))

o



LEFSCHETZ-THIMBLE

- Expectations values:

o d2f(2)e 5@ Y n, [, dnzf(2)e)

Jzn d"ze—5(2) > N fja dnze—5(2)

(f)

- If one thimble dominate the integral:

ngrel Im(S(p,/)) fj / dnzf(g)e— Re(S(2)) fj / dnzf(g)e— Re(S(2))

i = Ny e~ 1m(S(p,r)) fj(,/ dnze—Re(S(2) fj drze~ Re(S5(2))

o

Spinfoam propagator satisfies



SA flow:

APPROXIMATED THIMBLE S

dt 0z

* Nof initiate from
the far away point

«  Fluctuation of Im(S(2))
is small when V., is
small

« Onlyneeda
portion of the
thimble around
the critical point

e~ Re(S) decays very fast

1) Steepest decent falling to V, 2) Steepest ascent from



OPTIMAL CHOICE OF v,

- Generalized eigenvalue equation:
Hw = \w.

\\

- Eigenvectors with positive eigen-
values indicate the directions of the
perturbation that can generate the
approx. thimble.

. The V, is a good choice of J,
generating

{ Z:szx + Z,, each ' € R is small}



FLOW OF THE JACOBIAN

- Volume element on V,: d™zdet (JF)g
(JF)o = 02" /0

. Volume element onJ,: d"z = d"x det((J5)7)
(JF)r = 8Cr(a)* 0a?

. Linearized SA flow:

d(JF), <& 928
dt _Z 02

(7)o = (7)1

1




INTEGRATION ON THE THIMBLE

- Integration on the thimble

[ @zue) = [ e de(@) i)

oa g

. Convert to the integral on J, to V,

TR . : Re(S) — log(det(.J)) = Seyy
fja dnzf(z)e—S(z) B fVa d" det(J(:I?))f (CT(ZI?)) o~ S(Cr(2))
(f) ~ fja dnze—5() fvo. dnx det(J (z))e—S(Cr (=) arg(det(J)) — Im(S) = 0,.cs
(1) o, Je 0
— <eie7ﬂes> eff f‘A/o, dnx e—Seff
eff

[A. Alexandru, G. Basar, P. F. Bedaque 2020 2017 2016, M. Cristoforetti, F. Di Renzo, A. Mukherjee, and L. Scorzato 2014 2012, T. Kanazawa
and Y. Tanizaki 2015 2016, etc]



INTEGRATE IN THE THIMBLE

. Convert to the integral on 7, to V,

5. " 2f(2)eS® [, dradet(J(2))f (Cr(x)) e SCr@)

)= fja dn ze—5(2) fVa drz det(J(z))e—S(Cr ()
eieres ;
_< | f>eff
<ele'r’es>eff N _
Re($) — log(det()) = Sy

A

the Boltzmann factor g=Sess arg(det(J)) — Im(S) = 0,es

Can be computed by Markov-chain 0,17 — Jo drx Qe 5ets
Monte Carlo Method T drwe=Sers

Sampling from




DIFFERENTIAL EVOLUTION ADAPTIVE
METROPOLIS ALGORITHM(DREAM)

- Advantages of DREAM Algorithm:
- Good balance between acceptance and progression (Good for high-dimensional cases)
- Adapt to multimodal distribution
- Scan different region simultaneously
- Run in parallel, adapt to multi-core computer processor

(B) DE-MC

0.4| (&) AM
0.3
=
‘®
& 02
(=]
0.1
J A%

-10 0 10 -10 0 10
T €T

[J. Vrugt, C. ter Braak, C. Diks, B. Robinson, J. Hyman, and D. Higdon 2009]
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SPINFOAM
PROPAGATOR

Graviton Propagator in Loop
Quantum Gravity

Artist's impression of guantum space in loop quantum gravity

Prcture from Thiemann’s
book



EPRL SPINFOAM MODEL

+ 4-simplex amplitude

W|\Ij0 ijo Co / H dga H Pab

Jab SL(2 (C)5 a>b

Pab <)\]ab7 —Tiab ‘YT ng‘ )‘]aba nba>

Y maps the spin-j SU(2) irreducible representation H, to the lowest level
in SL(2,C) (j,7j)-irreducible representation H; ;) = &L He

We take Barbero-Immirzi parameter v as 0.1.

[J.Engle, E.Livine, R.Pereira, C.Roveill 2008, L.Freidel K.Karsnov 2008]



EPRL SPINFOAM MODEL
+ 4-simplex amplitude

(W | Wo) = Z wAjo,co/ H dga/ (H d:‘iab diab> e

N SL(2,C)s = ey

S(]a g, Z) — Z [2jab log (<J§aba Zab> <Zbaa gba>) — (1 + if}/)jab log <Zaba Zab> — (1 - i’)’)jab log <Zba7 Zba>]
a>b

dj =27+ 1, Zap = glzaba and Zp, = ggzab

fab, wAjo,Co 9 ja given by the boundary state




EPRL SPINFOAM MODEL

Boundary Geometry

4
A
<Y/

4

P = (0,0,0,0), P»=(0,0,0, -2v5/3'%), Py = (0,0, -3"*V/5, -3/%\/5),
Fi (ﬂ'. 2 flnrl!‘iﬂfri‘ Vﬁ"i_fg,’il.f'-i‘ Vf"t_f";ll.f'-i :‘ Hl:‘,, oS ( Sy ll.n"l'lln lI.l'E? x/o’l{zf'gﬂfiij v‘:f:—iﬂf-lj \fﬁfglflj
ares jﬂub b 21 i normal 7. A\ b I B 3 " -
B £ A
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1 slsigls 2 (-1,0,0) N (0.83,0.55,0) | (0.83,-0.28,0.48) | (0.83,-0.28,-0.48)
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il 1 [(0.33,0.47,-0.82) | (0.24,0.48,0.84) | (-0.54,0.068,0.84) | N | (:0.54,0.76,0.36)
3 w22 5 (0.33,0.47,0.82) [ (0.24,-0.48,-0.84) | (-0.54,0.068,-0.84) | (-0.54.-0.76,-0.36) N
4 SN2
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Ny =(-1,0,0,0), Na = [ —, ,0,0), N3= = , 0.
T '}'E(V@EV ) "(»/i \/éﬁ\/ﬁ)
- _( 5 1 1 ) _( 5 1 1 1 )
T \vaz' Ves va3' v/’ v22' V6 V33 Vil

[P.Dona, S.Speziale, S.Giorgio, M.Fanizza (2019)]




EPRL SPINFOAM MODEL

- Boundary Condition

[To) = Unjo.col[Njabs flab)

Wrjo,¢o = €XP <—i > €8 (N — AjOab)) exp (
ab

Ajab

als

Co b 5 3 A

i
| -3 1440036~ | 0.684-0.36~ | 5.0564-0.306~ | 5.054-0.36~
2 b 5.05-0.59y | -5.93-0.5%y | -3.20-00.59y
3 -2.81-0.59 | -5.54-0.59
4 b ~ b -4 37-0.59

— Y afen)e

ab,cd

)y Adab — AJoab AJed — AJoed

V )‘]0 ab

V AJO cd

|



EPRL SPINFOAM MODEL

- Boundary Condition

[To) = Unjo.col[Njabs flab)

Ajab

. . . Aab — AJogp MNed — ANjoeg
Urjoco = XD | =1 Y TP (Njap — Moas) | €xp a/(ab)(ed) a .
o 2.6 ) o v iou

In order to get a right propagator limit, & has to take specific value. But, since
we just want to justify the reliability of the algorithm, we can randomly choose
the a and compare the results with the one gotten from asymptotic expansion
based on the same &




4
NN

o</

CRITICAL POINT

- Semi-classical expansion = 1/\ expansion

(stationary phase approximation)

»

A/
h

A

- In our calculation, there is only one critical point
corresponding to the geometry of the 4-simplex

a| 1 2 3 F 5
| (I n) (l‘].!ﬂi l.mi)_'( 0.18i 0.96 n-mu) ( 101 0.48 n.:s-ﬁ) ( 0.65  —0.48 ﬂ..w)'
#2100 1)\ Lot 0.18; 0.96 — 0.34i  0.18 0,48 — 0.34i 0.65i 0.48 — 0.34i 1.01i

lz0a0) \D I 2 3 4 5

il
1 N (1,1) (1-0.333+0.942i) | (1-0.184-0.2591) | (1.-1.817-2.569 i)
2 (1,1) " (1,0.685-0.729) | (1, 1.857 + 0.989 i) | (1, 0.420 + 0.223 i)
3 (1, 0.333 - 0.943 1) | (1, 0.685 - 0.729 i) N (1, 0.313 + 2.080 1) | (1, 0.071 + 0.470 i)
4 (1, -0.184-0.259i) | (1, 1.857 + 0.989 )| (1,0.313 + 2.080 i) N " (1, 0.058+0.082i)
5 (1, -1.817-2.569 1) | (1, 0.420 + 0.223 i) | (1,0.071 + 0.470 i)| (1, 0.058+0.082i) N




CRITICAL POINT

- Semi-classical expansion = 1/\ expansion
(stationary phase approximation)

- In our calculation, there is only one critical point
corresponding to the geometry of the 4-simplex

0S 0S
a—g[go,zo] =0 5[9072”0] =0 Re(S[g0,20]) =0
0S ,
a]ab [9072‘0] - )‘1<ab
aStot .
[Jo,go, Zo] —

ajab



SPINFOAM

PROPAGATOR

. 2-point correlation function:

abed
Gmn T

(WIES - EpEy, - ER Vo)

(WIES - E2 W) (W|ES, - E2 %)

(W) (W (%) (W |%o)

Penrose me’rric:
¢*(z) = 0 B} (z)E2 ()

<)‘jab7 —Tab ‘Ynglng (B2 ‘ AJab ﬁba>

<)‘jaba —Tap ’(Eg)“ YTga_lng‘ AJab ﬁba>
<UiZba7 gba>

= (Njabs —Tab | Y197 06 Y | Nabs iba ) Naby

<Zba,7 gba> = <)\jab; _ﬁab ’YTgcjlng’ Ajaba ﬁba> <_>\jab’7)

[E. Bianchi, Y. Ding, etc]

(JEab, 0iZap)

(JEab, Zab)




SPINFOAM PROPAGATOR

. 2-point correlation function:

<W ’Eg . EZETC” . E;ln’ \Ijo Z ¢>‘30 Co /dgbU ]7 ¢) [Aan(ja ¢) ) Abn(ja ¢)] [Acm(j, Cb) . Adm(j, ¢)] eAS(j’qb)

Jab

(W B En| Wo) = > ¥xjo g / doU (j; ¢) Aan(j: 8) - Apn (4, §)e* 07

Jab

(W[5, EA| 00) = tningy [ 40U 0)Aen(5:6) - Aun (G )56

jab

<UiZba7€ba> ) <J€ba70izba>
) Aza = —7A a )
<Zba7€ba> b T ab <J€ba7 Zba>

ALy =Y Ajab




INTEGRAL OF J

. Poisson re-summation:

> D=5 S AW2) + 50 =23 [T arret 4 1 ro

JeZEUo JEL k€L

. . . . Aab = AJjoagh Med — AJoed
" Yxjo,co = €Xp | —1 E ¢§*(Mab — Moas) | exp | — aleb)ed) . .
Remlnd . JoCo — 0 b Z V A]Oab V )‘jocd

ab,cd

The term %f(o) Is negligible when X is large




INTEGRAL OF J

. Poisson resummation:
(W)= (200 Y / 410 / dpUe>Sior
0

{kab}6Z10

(W |E§ - EXES, - EL| Uo) = 200 ) / d*%; / doUe 50t (Auy - Apn) (Aem - Adim)
0

{kab}ezlo

(W |E2-EY| W) = 200 Y /0 410 / dpUe S0t (Ayy - Apn)
(hay} €210

(W|ES, - B4 W) = 20 Y /O 410 / doUe 50 (Apm - Agum)
{kap } EZ1O

S?ﬁgt) — Stot + 4mi Zjabkab
with a>b

. . . Jab — Joab Jed — Jocd .
Stot =1 Cab (]ab — JOb) + Oé(ab)(Cd) - - — S(], qb),
zab: 0 a%;d V Joab V J0cd




INTEGRAL OF J

- The integral around the critical point dominate the whole
Integral.

- By our choice of ¢, critical point can only be found when k4., =0

.+ The k. # 0 terms in the summation are exponentially
suppressed when )\ is large.



INTEGRAL OF J

(W | ¥g) ~ / d; / dpUe Aot
<W ’Eg ' EfiEfn ' Evcviz’ \Ij0> = / dloj/dgbﬁe_AStOt (Aan ' Abn) (Acm ’ Adm)

(W |B - Y| Wy) ~ / a1, / dpTe5wr (A, - Ayn)

(W |2, EL| W) ~ / a1, / AGTTe=5t (A - Ag)

. . . jab - jOab jcd - j()cd .
S ot — 1 Cab Jab — JOab + Q‘(ab)(Cd) - - -5 J> ¢ ;
ot %b: ¥ ( ) a%;d V' JOab V' JOcd ( )

Our algorithm can be applied



EPRL-SPINFOAM MODEL

The action depends on 54 real variables

The action is complex-valued

The observables we want to compute are

(WIES - EnEpy - Ep|%o)  (WIEg - Ep[Vo)  (WIEF, - ER [Vo)

(W |¥o) ’ (W) 7 (W |¥o)

and

abed
Gmn



PERTURBATIVE AND NON-
PERTURBATIVE CORRECTIONS

- Analytical continuation leads to more critical points.

- These critical points provide exponentially suppressed
corrections to the integral at large ).

.+ Only compute the observables on the thimble attached to
dominant critical point.

- The computation contains the perturbative 1/ corrections to
all orders on the dominant thimble and neglects all the
exponentially suppressed corrections

Suppressed corrections are caused by 1) other thimbles, 2) kqp # 0ferms, 3) f(0) term,
4) the in’regrol/ dj



OPTIMIZATIONS

- Numerical solver of SA equation (stiffness problem)

. . ¢
- Time rescaling: t— 3
. Tolerance of the error

- DREAM optimization (sampling on thimble)
- Initial point optimization (same energy scheme)

- Flow time optimization (average among convergent results)
+ Burn-in stage (adaptively adjust CR and Beta)



SPINFOAM PROPAGATOR

- Results of Expectation values (E? - E2E; - E3)

Horm Argument

02T | /

019 | /, — Meiig — Metro
15 | . Log10(A -
10 p= Asym - (4] Asym
10t L gl A
107 II.?'
.02 - I,-'
- - : £ ! L A P
100 1000 104 107 10° 107
Leading order in1/A expansion
Thimble + Metropolis
A 102 10° [ 10* [5 % 10%] 10° [5 x 10°] 10° [5x10°] 107 |5 x 107

Difference (%) 8.7110.79(0.12] 0.052 ;ﬂ_ﬂﬂﬁ 0.017 |0.0062| 0.0018 ;ﬂ-ﬂﬂﬂﬂ? (. 00065




SPINFOAM PROPAGATOR

. 2 3
- Results of Expectation values (E7 - EY)
Norm
- Argument
il I B | EEAL P O SR P ORI B Sebr Rl B M LAl | ""'LGQ'ID[A.:I
1072 | ‘/ - o2 @ =
T — Matro — Metro
, — Asym — Asym
107 |
- —az20f [
104 -
/
-3.22 |4
100 1000 104 107 10% 10/
A 10 [ 10° | 104 |5 x 10*| 10° |5 x10°| 10° [5x 10°] 107 (5 x 107
Difference (%)|22.32/2.00|0.31| 0.078 |0.022| 0.016 [0.012| 0.0022 | 0.000047 | 0.0016




SPINFOAM PROPAGATOR

- Results of Expectation values (E; - E3)

Norm
Argument
g e
102t 308}
I|
308l |
— Metro I |'| — Metro
8| 4
W — Asym aqal | —— Asym
4
LN
e -3.12 \
.h"\.'\.
_914 \"
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- Results of propagator component Gﬁw
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- Results of propagator component Gﬁw
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- The propagator has 1275 components

Histogram of percentage difference to leading order in 1/Aexpansion
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Future Plans




OUTLOOK

. Spin foam propagators in more complicated cases (Pachner 1-5 move)
- Computing other operators (flatness problem)
- Improvement of the algorithm (hybrid monte-carlo, etc)

. Use SD flow and Metropolis algorithm to find the critical point
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