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ESTIMATES OF DISCRETE TIME DERIVATIVES FOR THE
PARABOLIC-PARABOLIC ROBIN-ROBIN COUPLING METHOD

ERIK BURMAN!, REBECCA DURST2, MIGUEL A. FERNANDEZ?, JOHNNY GUZMAN#, AND SLJING LIU®:*

ABSTRACT. We consider a loosely coupled, non-iterative Robin-Robin coupling method proposed
and analyzed in [J. Numer. Math., 81(1):59-77, 2023] for a parabolic-parabolic interface problem
and prove estimates for the discrete time derivatives of the scalar field in different norms. When
the interface is flat and perpendicular to two of the edges of the domain we prove error estimates
in the H2-norm. Such estimates are key ingredients to analyze a defect correction method for the
parabolic-parabolic interface problem. Numerical results are shown to support our findings.

1. INTRODUCTION

Time splitting methods are popular for fluid-structure interaction (FSI) problems (see, e.g., [3, 18,
5, 19, 10, 11, 26, 27, 32, 30, 9])). One of the first stable splitting methods was proposed by Burman
and Ferndndez [18]. Later the same authors [19] developed a related method which was coined the
genuine Robin-Robin splitting method. Both these methods however suffered from a coupling between
the space and time discretization parameters that reduced the accuracy. This constraint was lifted
by eliminating the mesh dependence of the Robin parameter in [17]. The resulting method has been
analyzed in [17, 13, 12]. A very similar method was developed and analyzed by Buka¢ and Seboldt
[31]. In [13] it was proved for the FSI problems that the method converges as O(v/At) where At is the
time step. Numerical evidence suggested that those estimates were not sharp, and nearly first-order
accuracy was proved (mod possibly a logarithmic factor) in [12] for the analogue method applied to the
parabolic-parabolic and hyperbolic-parabolic problems. The analysis was extended to the FSI problem
in [24, 15]. For parabolic-parabolic couplings, there is a rich literature on splitting schemes motivated
by models of ocean-atmosphere interaction. In these models, friction forces on the interface render
the physical coupling dissipative through a Robin-type coupling condition, as discussed in [28]. This
aspect has been successfully exploited in the design of splitting methods [22, 23, 21, 35, 34, 36, 33, 29].
In our case, the coupling conditions consist of continuity of both the primal variables and the fluxes
across the interface. This coupling is conservative, and hence the approach suggested in the above
references fails. Instead, the splitting method uses a Robin condition for the computational coupling,
which turns out to lead to an unconditionally stable algorithm. An approach for conservative fluid-
fluid coupling problems was proposed in [25], using Nitsche or Robin type couplings similar to those
introduced in [19]. In a domain decomposition framework, a splitting method based on subcycling,
i.e., iterative solution, was proposed and analyzed in [7, 6]. In a similar spirit, but focusing on a multi-
timestep approach, a Robin-Robin coupling for time-dependent advection—diffusion was introduced in
[20], with numerical investigation of the stability.
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It is well known that discrete time differences for time stepping methods (e.g., backward Euler
method) superconverge. In particular, when the backward Euler method is applied to a parabolic
problem, the first-time difference of the errors converge with order O((At)?). In this paper, we prove
similar results for the splitting method [12] applied to an interface problem. In particular, we will
prove second-order convergence for the scalar fields living on the two sub-domains in the L?-norm.
Moreover, in special configurations (i.e., the interface is horizontal and perpendicular to two sides of
the domain), we will be able to prove second-order convergence in the H2-norm. Numerically, the H?
second-order convergence rates seem to hold on more general configurations. This appears to be the
first work where error estimates in stronger norms for splitting methods applied to interface problems
have been considered.

Error estimates of derivatives of the solution are, of course, of interest in their own right in many
applications. However, our main motivation for this work is the application of these estimates in
the analysis of a prediction-correction method [14] that we are concurrently developing. The aim is
to improve the first-order convergence of [12] to second-order convergence in time through a defect-
correction procedure [8]. The method in [14] uses a prediction step, which is exactly the splitting
method we analyze here. The second-order accuracy of the correction step depends on the second-
order accuracy of time differences of the prediction step, which is precisely the subject of this paper.

Our overall goal is to propose and analyze a second-order loosely coupled scheme for FSI problems.
This paper represents the first step towards that goal. Based on our past experiences (see [12, 13, 16]),
the analysis of FSI is very similar to those of hyperbolic-parabolic and parabolic-parabolic interface
problems. Therefore, we begin by considering the simplest problem, namely, the parabolic-parabolic
interface problem, to ensure that the proofs are more transparent while maintain some of the difficulties
of FSI. In this paper, all the estimates, including the H? estimate, are crucial components in analyzing
a second-order convergent correction method, which is included in [14]. We believe it is beneficial
to fully understand the parabolic-parabolic interface problem first before progressing to the more
complex hyperbolic-parabolic interface problem and FSI problems. Note that while the problem we
are considering can be formulated using a unified approach with discontinuous coefficients, our focus
is on developing a loosely coupled scheme, as we mentioned, which is why we prefer the partitioned
setting.

As for a single parabolic problem, the idea to prove higher convergence for time differences is to use
that the time differences satisfy a similar discrete equation with new right-hand sides that have time
differences themselves. Then, one uses the error analysis for the original method to proceed. In our
case, we will use the analysis provided in [12] to do this. The main difference here is that we consider
a problem with Neumann boundary conditions on two of the sides of a square instead of pure Dirichlet
boundary conditions, which were considered in [12]. This, in fact, simplifies the analysis slightly, and
additionally, one can remove the logarithmic factor that appears in [12]. It should be mentioned that
we only consider the time discrete case. The fully discrete case is more involved.

The rest of the paper is organized as follows. In Section 2, we introduce a parabolic-parabolic
interface problem and the corresponding Robin-Robin coupling method. In Section 3, we present
stability results for a Robin-Robin method. Section 4 is devoted to the error estimates. Finally, we
provide some numerical results in Section 5 and end with some concluding remarks in Section 6.

2. THE PARABOLIC-PARABOLIC INTERFACE PROBLEM AND ROBIN-ROBIN COUPLING METHOD

Let = (0,1)? and suppose that Q = Q;UQ;UX. The interface ¥ is assumed to be a line segment
that intersects 2 on the two side edges; see Figure 1. We let I' . denote the two side edges of 2 and
we let I'p be the bottom and top edges of Q. We let Ty, = I'ne N 9Q; for i = s, f.

2.1. The Parabolic-parabolic problem. We consider the interface problem
Oiu — vy Au =0, in [0,T] x Qy,
(2.1a) u(0,z) =ug(z), on Qy,
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FIGURE 1. The domains Q2 and €2, with interface ¥ and Neumann boundaries.

u =0, on [0,T] x T'},,
Opu =0, on [0, x T,
Ogw — vsAw =0, in [0,7] x Qs,
(2.1b) w(0,z) =wo(z), on Qs
w =0, on [0,T] x T'},,
Onw =0, on [0,T] x T,
(2.1c) w — u =0, in [0,7] x %,
(2.1d) vsVw - ng +v¢Vu-ny =0, in [0,T] x X,

where ny and n, are the outward facing normal vectors for {2y and €, respectively. We assume that
the initial data is smooth and that u and w are smooth on Q2 and (2, respectively.

2.2. Variational form. Let (-,-); be the L?-inner product on Q; for i = f,s. Moreover, let <-, > be
the L2-inner product on ¥. Let N > 0 be an integer, and define At := %, and let u™ := u(t,,-),
where t,, := nAt for n € {0,1,2,..., N}. We consider the spaces

(2.2a) Vi :={ve H Q) :v=0on '},

(2.2b) Vy:={ve H' (Q,) :v=0o0nT%},

(2.2¢) V, :==L*(%).

By setting 1"t := ¢80, ,u" ™! and assuming that I"*! € L?(X) for all n, the solution to (2.1) also

satisfies the following variational formulation, for n =10,..., N — 1:

(2.3a) (O™ 2) g + v (VW V2), + <|"+17 z) =0, ze€eV,

(2.3b) (Qu™ 1 0)p + vp (VU Vo) — (1M 0) =0, v eV,

(2.3¢) (Wt — ™t p) =0, pev,.

2.3. Robin-Robin coupling: time discrete method. We define the discrete time derivatives:
,Un+1 — "

ot = —
At AL
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and
Un+1 _ 21)” + ,Un—l

2 n+l __
6At'l) =

(At)?

The Robin-Robin method solves sequentially:
(2.4a) Ippw"™t — v Aw™ T =0, in Q,
(2.4Db) w" Tt =0, on I'%,,
(2.4c) Opw"™ T =0, on '},
(2.4d) aw™ ™t + ysansw"“ =au" — vfOp,u"  on L.
(2.5a) Oneu™ ™ — vp Ayt =0, in Q,
(2.5b) u"tt =0, on I'Y,
(2.5¢) Opu™t =0, on F{Ve,
(2.5d) o™ + vpOn u =aw™ T + g0, u" on B

We let X" = vy 0y, ,u™t!. Then, the time semi-discrete solution solves the following: Find w™*! € V,
u™ € Vi, and A"T! € V, such that, for n > 0,

(2.6a) (Opasw™ ™ 2) g + v (V" V), + oz<w"+1 —u”, z> + </\”7 z> =0, ze€V,,
(2.6b) (Oaru™ 1 0)p + vp (V™ Vo) p — (A" 0) =0, v eV,
(2.6¢) (@ — ™) 4 (AT —X"), u) =0, p eV,

with u% = ugp(z) and w® = wq(z).
One can rewrite (2.6¢) as

(2.7) a(unJrl — w"“) =\" -\ on 3.
3. STABILITY RESULT

In this section we will prove stability results for the Robin-Robin method with a more general
right-hand side: Find w"*! € V;, u"*! € Vj, such that, for n > 0,

(3.1a) O™ — v At :b;’“, in Qj,
(3.1b) w™ =0, on I'},
(3.1c) Opw" T =0, on 'y,
(3.1d) aw™ ™ 4 v, 0 w" T =au™ — ViOn,u" + 5;”1 on X.

3.2a) Opgutt — quu"'H :bgﬂ, in Qy,
3.2b) "t =0, on ',
3.2¢) Oput =0, on I',,
3.2d) o 4+ 0§ O u T =aw™ ! 4+ vp0, u" + 5T on B
with initial conditions

(3.3) w’=0 and «’ =0,

where b7, b;”rl, "t and 83“ are general right-hand side terms that are sufficiently smooth in space
and time. When analyzing the error of the Robin-Robin method the terms {b]'}, {e'} will be the
residual terms.



PARABOLIC-PARABOLIC INTERFACE PROBLEMS 5

Remark 3.1 (Regularity). We assume that u" ! € H?(Qf) and w™! € H?(Q;) for the remainder of
this paper. The primary reason we assume this H? regularity and subsequently prove an H? estimate
in Corollary 3.10 is that, in the analysis of the correction methods, we apply the trace inequality to
the Lagrange multiplier on the interface . Then the H? regularity assumption is useful in analyzing
the resulting quantities. It would be interesting to remove this assumption, but we currently do not
have the means to do so.

We let AnH! = ufa w1 and we see that the above solution satisfies, for n > 0,

(3.4a) (Oarw™ ™ 2) s 4+ v (VT V2), + < ntl _ u",z> + <)\",z> =L1(z), z€Vs,
(3.4b) (O™ v)p + vp (VU Vo) p — (A" o) =Lo(v), v € Vy,
(3.4c) (a(u"™ —w™) + (AT = N, p) =Ls(p), peVy,
where

La(2) (b 2)s + (677 2)
L0 =05
) =5 )
For convenience we rewrite (3.4¢) as
(3.5) a(u™t — "ty = A - AT T on 3

We will need to define the following quantities for the stability estimates.

1 n Ata At
2", 6,0) =5 l16" e, + ||¢ iz + 518" e + 510" 2w,

S"H (1, ¢, 0) ::At(Vva¢n+1”L2(Qf) + Vs||v¢n+l||L2(Qs)) + §(||¢n+1 - WLHL?(QS) + o+t - ¢n||2L2(Qf))

alt o n
——l¢™*" — (9 =022 ny-

We first state a preliminary result.
Lemma 3.2. Let w,u solve (3.1) and (3.2) then the following identity holds.
(3.6) Z"  (w,u, \) + S (w, u, N) = Z™(w, u, A) + ALF" T (w, u) + %<5g+17 ALY,
where
PP ) =0 ) (B ) o (e ) (e,

Proof. To begin, we set z = Atw™"! in (3.4a) and v = Atu™*! in (3.4b) to get

2|| +1||L2 o) T35 || +1||2L2(szf) + §||w 1 —w ”%;Z(QS) + 5”“ o ||2L2(Qf)
(3.7) + VAt V" HLZ(QS) + U ALV [T g,

= 0" o, + 5l aca) + A0
where
(3.8)  Jthi=—a(w"t —ut W) — (A ") + (AT W) 4 Ly (w ) + Lo (u ).
Manipulating the first three terms in (3.8) and using (3.5), we obtain
(39 - oz<w”+1 —u”, w”+1> - <)\”, w"+1> + <)\"+1, u"+1>

— Jn-‘,-l + é<€g+l7)\n+l> + <8721+17wn+1> _ <un _ un+1’€g+l>,
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with )
Jn-i—l = O[<’LLn _ un+1’un+1> + 7<)\n _ >\n+17)\n+1> o <un _ un+17>\n _ )\n+l>.
o
One can easily show that
Jrtt 25(”“ ||%2(2) = [lu +1||%2(z)) + %(”/\ H%Z(z) — A HH?;z(z))

« n n 1 n n
—§||(U —u +1)+E()\ —A +1)||%2(2)

By combining this identity with (3.8) and (3.9), we arrive at
1

n o n n n n
I =Sl ey = " M e m) + 52 N 20y = N e csy)
o n n 1 n n
- 5”(“ —u"t) + a()\ —A H)H%z(z)
1
L)+ La(uH) 4 (LAY () (e ),
If we plug in these results to (3.7) we arrive at the identity. O

We can now state an identity for the last term in (3.6).

Lemma 3.3. Let w,u solve (3.1) and (3.2) and assuming that 5" € V} then the following identity

holds
N-1

At - At At
T (et ey — - A ;(un,aﬁﬁgﬂ) I ; (v (T, w5, — 5,
1 N N
+ E(u € )f-

Proof. We first take v = Ateh ™ in (3.4b) to obtain
At<eg+1, /\"+1> = (u"h —u™ e s+ At (VT Vet — A5 bt

If we take the sum over n =0,..., N — 1 and use summation by parts, we get
N-1 N—1 N—1
AED (A = A ST (", OaE )+ AL (vp(Vurt Vet — 028 )
n=0 n=1 n=0
+ (UN>E§V)f - (u075%)f'
We conclude the proof by using (3.3). O

To state the stability estimate we need the next definition.

N-1
_ 1, 11\, .
= mnma, . 52) = 3 |t W+ (5 3 ) 15 e |

n=m
N-1 1 N-1 v 1
f
+ At Z Vfa2||aAt33+1H%2(Qf) + At Z (?HVSS-HHQLQ(QJ:) +a”53+1||2L2(9f))
n=m-+1 n=m
N-1 1 1
F 03 (st s g + - ||s"+1||m))+§Hs§nimﬂ.
n=m

Theorem 3.4. Let w, u solve (3.1) and (3.2) and assuming that e5 ™ € V} then the following estimate
holds
N-1
ZN (w,u, \) 4+ > S (w,u, A) < CZ) (br, by, 61, 62).
n=0
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Proof. Using Lemma 3.2 and taking the sum we get

N—1 N-—1 At N—1
zN A gntl \) =20 A\) + At Frtl = ntl ALy
(w, u, >+n§:; (w,u, ) = Z°(w,u, \) + §:j (w,u) + — §:j< AT

Using the Poincaré and trace inequalities, we easily obtain the following bound
N—1 N—1 N—1

., 1 . 1 1
ALY P ) <53 8 )+ OB Y (b ey 18 e, )
n=0 n=0 n=0 °
N-1
CAt i n+1 n+1 n+1
+ Z 0. lley ||L2(Z) + Hf ||L2(ZJ) .
n=0

Using Lemma 3.3 and the Poincaré inequality we have

At n+l yn+l N 1 3= ntl
Z< ey AT <*||u 720, + 3 > 8m (w,u, A)
n=0

n=0
No1oy No1o
n f n n
+ 0D Y o 0as o) + A0 Y (1Y Ragayy + e o)
n=1 n=0
At n
JFC* Z 13 +1||L2 Q) JFC o2 le3’ ||L2(Qf)
n=0
It follows from (3.3) and the definition of Z° that Z°(w,u, \) = 0. We finish the proof by combining
the above estimates. O

The discrete time derivative of w and w solves (3.1) and (3.2) with n > 1 and discrete time
derivatives of the data as the right-hand sides. Note that the initial conditions are da,w! in Q, and
Oarut in Qy. We then have the following corollary.

Corollary 3.5. Let w,u solve (3.1) and (3.2) and assuming that Oaeh™ € V; then
N-1
N (Oatw, Oaru, OacX) + Y S" T (Oarw, Oaru, OarN)
n=1

<cz! (Oatw, Oaru, OaeA) + CE (aAtblyaAtan Ontet, Oare) + CHaAt€2”L2(Qf)

Proof. The argument is identical to those of Lemma 3.2, Lemma 3.3 and Theorem 3.4 except the initial
conditions are not zeros. To be specific, using the relation (3.6) and sum fromn =1ton =N — 1,
we have

N-1
ZN (Opiw, Ongu, OniN) + Z S™HH(Oarw, Oagu, Oar)
n=1
N-1 N
(aAt’LU aAtU 6At>\ + At Z Fn+1 8Atw aAtu + — Z<3At€;+1,aAt)\n+1>.
n=1 n=1

The term involving F"*! can be estimated similarly as that of Theorem 3.4. To estimate the last
term, we follow the same procedure in Lemma 3.3 and Theorem 3.4. We have an extra term due to
the initial condition which can be estimated as

1
(3.10) —(@aet, Onied)s < 108t s + 1083 B a,

where the first term can be absorbed into Z!(Oa;w, Oasu, IaiA). We then immediately obtain the
result. O
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Similarly, the second-order discrete time derivative of u and w solves (3.1) and (3.2) with n > 2
and the second-order discrete time derivatives of the data as the right-hand sides. Notice that the
initial conditions are 6% ,w? in Q4 and 93,u? in Q. We then have the following corollary.

Corollary 3.6. Let w,u solve (3.1) and (3.2) and assuming that 03,657 € V; then

N-1
ZN(aitw, 8itu7 5'it)\) + Z SnJrl(athvaitUaait)‘)
n=2

<CZ*(Oagw, 3qu, 04y \) + CZ3 (94,01, 0X b2, Oage1, 0a,e2) + OHaiﬁgllzLa(Qf)-

Remark 3.7. We can also analyze the problem (3.1)-(3.2) but replacing the homogeneous Neumann
boundary conditions with homogeneous Dirichlet boundary conditions. In other words, the problem
with pure Dirichlet boundary conditions that is I'y, = 9Q;\X for i = s, f. In this case exactly the same
estimates hold. Now of course, we assume €5 € Vy where V; has zero Dirichlet boundary conditions
on FfD = 00s\X.

3.1. H? stability in a special case. In this section we prove H? estimates for u in a special
configuration. Again, we assume that Q = (0,1)2, and now assume ¥ is parallel to the z-axis (see
Figure 2). We take advantage of the fact that the sides composing Iy, are perpendicular to the z-axis
and, moreover, we also notice that 3 is parallel to the z-axis.

I'p
e Q, e
by
F]fVe Qf F{Ve
rp

FIGURE 2. The domains {2y and €2, with horizontal interface X.

Then, in this particular case we have, for n > 0,

(3.11a) OnrOpw™ = v AD WY =0, b7 in Q,
(3.11b) Dpw™ Tt =0, on T%,,
(3.11¢) Dpw" T =0, on I'y,,
(3.11d) @y + 10y Opw™ T =ad,u™ — V§On,Ogu™ + 015?“ on Y,
(3.12a) OpOputt — Van,Eu"H :8$b§+1, in Qy,
(3.12D) dpu” 1 =0, onI'f,
(3.12¢) dputt =0, on %,
(3.12d) adu™ 4+ VfOn, Opu™ Tt =0, w1 + V§On, Ozu™ + el on %,
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with
(3.13) 0w’ = 9,u’ =0
according to (3.3).

Remark 3.8. The assumption that the interface is perpendicular to the sides and parallel to the z-
direction is crucial. First, notice that, in this case, the outer normal direction n to two sides aligns
with the z-direction, leading to d,w"*! = dpw™ ™! = 0 on T4, and d,u"t! = dut' = 0 on T,
where we use (3.1c¢) and (3.2¢). Secondly, given (3.1d) and (3.2d), the conditions (3.11d) and (3.12d)
are only valid in the case where the interface is perpendicular to the sides. Unfortunately, we have not
yet found a general method to prove the H? estimates for the non-horizontal case which it proved to be
quite challenging. However, we believe this technique could be useful for the analysis of fluid-structure
interaction (FSI) problems, given the similarity of the coupling conditions.

We then get an immediate Corollary from Remark 3.7 and Theorem 3.4.

Corollary 3.9. Suppose that 3 is perpendicular to the two sides of I' e as in Figure 2. Let w,u solve
(3.1) and (3.2) and assuming that 9,5 € {v € H (Qf) : v =0 on 0Qs\X} on I‘{Ve then the following
estimate holds
N—-1
ZN (0pw, 0pu, D A) + D 8™ (0pw, Opt, 0xN) < CE() (0pby, Dbz, uer, Onea).
n=0
Corollary 3.10. Under the hypothesis of Corollaries 3.9 and 3.5 we have
N-1

ALY vp|ID*u" 2, SC(V,fE{V(aAtbl, Oatb2, Oare1, Onre2) + ' (Oubr, Dpba, Open, 87562))
n=0

+ Cvp|0nigd |72 (a,) + CveZH (Oarw, Daru, Int)

N-1
+CALY vellbs 20,
n=0
Proof. From Corollary 3.9 we get
N—1
ALY vp|[VOu" 72,y < CZQ (Dubr, Ouba, Duer, 0nea).
n=0

Moreover, using (3.2a) and Corollary 3.5, we have

N-1 N—-1
At Z VfHAU"HHQm(Qf) =At Z Vf||aAtunJrl - bg“”%z(ﬂf)
n=0 n=0

<Cvy Z*(Opsw, Onrt, Oni ) + CvpEY (Oath1, Oarba, Onre1, Onre2)
N-—1

+ O 0nies |22 (q,) + 24t Z Vbe;LHH%Z(Qf)-
n=0
Finally, using the following estimate,
N—-1 N—1
A8 ST vl g,y < 288 3 g (1030 ey + 180 Faga,),
n=0 n=0
and combining the above estimates we obtain the result. O

Similarly, if we subtract the consecutive levels of (3.11)-(3.12) and divide them by At¢, we notice
that da;0,u™t! and Oa;0,w™ Tt satisfy the same equations as (3.11)-(3.12) from n > 1, and with
initial conditions da1d,u' in Q5 and Oad,w' in Q. Similar to Corollary 3.5, we have the following,
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Corollary 3.11. Suppose that % is perpendicular to the two sides of I'ne as in Figure 2. Let w,u
solve (3.1) and (3.2) and assuming that Oa0.€5 € {v € H(Qy) : v =0 on 9Q;\X} on F{Ve then the
following estimate holds

N-1
ZN (Op10pw, Op1Optt, OnyOpN) + Z S (00w, OnrOp, OntOx \)

n=1

< CZN(On10zw, On0ptt, OnrzA) + CEY (Das05b1, OniOsba, OniOuer, OniOrea) + Cll0ai0ued|72(q,)-
We then have the following corollary similar to Corollary 3.10.

Corollary 3.12. Under the hypothesis of Corollary 8.11 we have
N-1
ALY vi|| D*(Oaru™ )220,

n=1
<C(Z0 (0200:b1, OiDabz, On10a21, Onilaca) + vy 25 (0,01, 0,02, 041, D4 2) )

+ C’||3At8x5§|\%2(9f) + CZ(Op10:w, OntOptt, OntOu\) + Cry Z2 (93w, 02 u, OA, )
N—1
+ Cvgl|0AEslITe ) + CAL Y velloads ™ 72,
n=1
Proof. From Corollary 3.11 we get
N—1

At Y vl VO (0a™ o,

n=1

< CZN(On10zw, On10p1, OnryA) + CEY (Da05b1, Oni0rb2, OniOuer, OntOrea) + Cl0at0ue5| 72 (0,

Moreover, using the equation about da;0,u"*' and Corollary 3.6, we have

N-1 N—1
ALY vl A@ar" ™Gz, =A > vl 0Xu" T = 0abs 120,
n=1 n=1
SC’I/fZQ(ath, DAgu, 02 ) + OVfEéV(aitblv D42, OAser, 03,62)
N—-1
+ Cvsl|0Xe31|72(q,) + 24t > Vill0acbs T 1220,
n=1
Similar to Corollary 3.10, we finish the proof. |

4. ERROR ESTIMATES OF THE ROBIN-ROBIN METHOD

In this section we apply the stability results of the previous sections to obtain error estimates of
the Robin-Robin splitting method (2.4)-(2.5) applied to (2.1). We use the following notation for the
erTors :

Ur:.=u" —u", W':=w"—w", A":=1"-)\"

Then the error equations read, for n > 0,

(4.1a) OAIWV T — p AW = — it in Q,
(4.1b) Wt =0, on T,
(4.1c) O WL =0, on T3,
(4.1d) AW 4+ v 0 W =U" — vp0n, U + agi™ — g5t on 3.
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(4.2a) OaU™ M — v AU = — pi L in Qy,
(4.2b) Untt =, on 'Y,
(4.2¢) U™ =0, on 'Y,
(4.2d) QU™ 4+ vp0n U™ =aW "™ 4+ 140, U™ + g5 on .
where

R = 9w T — 9w T gt = gt
R = 9t — Gpaum L, gp =t
The equations (4.1)-(4.2) are well-defined and we also have
(4.3) wo=0%=0.
The following assumptions are useful in the analysis (cf. [1]):

Assumption 4.1.

(4.4) 100(0) |2y < C(AD)Z,  [[01(0)] 2y < C(AL)>.
Assumption 4.2.
(4.5) [0(O)lz2m) < CADZ, (180 22y < C(ADE,
(46) 102u(0)| 20,y < CAL— [[3Pw(0)] L2 < CAL
(4.7) 107u(0) | L2(m) < C(AD)2,  [[D21(0)]2(x) < C(AL)?.
We then extend | to Q¢ in a natural way. We let 1= qﬁngu -my where ¢ is a function that is one

on ¥ and vanishes on Fﬂ. Then, we define gi! = "1 —1". By construction gi+! e Vi and g4 = g5
on Y. We immediately get the following result if we apply Theorem 3.4, Corollary 3.5 and Corollary

3.6.
Corollary 4.3. Let u,w solve (2.1) and w,u solve (2.4) and (2.5) then

N—1
(4.8) ZN(W,U, A) + Z S"THW, U, A) < OZF (b1, ha, gy — g2, G2),
n=0
N-—1
(49) ZN(0asW, 0a¢U, OaeA) + > S™TH(OaeW, OarlU, Oar )
: n=1
< CZH0atW, 080U, OaiN) + CZY (Oathi, Oatha, aOatgr — Oarga, Ontdz) + C||5At§§||%2(gf)7
and
N-1
(4.10) ZN (DA W, 03, U, 03, M) + Y S"HH(OA,W, 03,U, 03, M)
: n=2

< CZ2(6ZtVVv aZtU» 5Zt/\) + CEéV(aithla aith% aait!]l - 8Zt92, ait@) + CHaZtgg”%?(Qf)-
Then, it is quite straightforward to get a convergence rate by estimating the right-hand sides. The
proof of the following Corollaries can be found in Appendix A and Appendix B.
Corollary 4.4. Let u,w solve (2.1) and w,u solve (2.4) and (2.5). Under Assumption 4.1, we have
(4.11) ZM(0acW, 08U, 0aeA) < C(A)?Y1.
and, under Assumption 4.2, we have
(4.12) Z2(03, W, 0%,U, 03,A) < C(At)?Ys,
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where Y1 and Yo are defined in Appendix A.

Corollary 4.5. Let u,w solve (2.1) and w,u solve (2.4) and (2.5) then

N-1
(4.13) ZN(W,U,A) + ) S™THW,U,A) < C(AL)Y,
n=0
N—-1
(4.14) ZN(0asW, 0aeU, 0aa ) + D S™THOadW, 041U, 0aiA) < C(AL)*(Y + Y1),
n=1
and
N-1
(4.15) ZN (R W,03,U, 08, M) + Y S™FHOX,W, 0X,U, 93,A) < C(AD* (D +Ys),
n=2

where Y is defined as

1 1 1
Y 5:;S||3EWH%2(0,T;L2(QS)) + (; + a)||at2u||2L2(0,T;L2(Qf))

2 3
vi | Y5 (vr)
(4.16) + (@ + E)HatuHQLZ(O,T;Hl(Qf)) o2 ||875UH%2(0,T;H2(Qf))
o’ 2 2 VJ% 2
+ ZHatUHLz(o,T;L?(z)) + jf\\at|||L2(o,T;L2(2)) + ?”atu”LOO(O,T;Hl(Qf))’

Y is defined as

1 1
Y 1=;S||3?WH%2(0,T;L2(QS)) + (; + a)”a?uH%Z(O,T;L?(Qf))

2
v (w)?
(4.17) +<07’5+ >||a2u||LonH1(Qf>>+ 107 ull32 (0.1 112(0,)
2

a
+ 7||8752u||2L2(07T;L2(E ||62|HL2(OTL2(Z)) +( +Vf)||82u”L°° (0,T:H(Q))>

and Q) is defined as

1
2 1=7||8?W||%2(0,T;L2(QS)) + (ij + a)\|5fu||%2(o,T;L2(Qf))
S
2 i )’
(4.18) + (44 o8l + L 10 s

2
« Vi
+ 7||3?U||2L2(0,T;L2(z)) + 7f||a?|||2L2(O,T;L2(E)) + ;é”a?uH%OO(O,T;Hl(Qf))'

4.1. H? error estimates in a special case. Here we assume that we have the configuration as
in Figure 1. Then, we see that 9,g>™"" vanishes on F{Ve and Fg and hence belongs to V;. Hence,
Corollary 3.10 gives the following corollary.
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Corollary 4.6. Suppose that ¥ is perpendicular to the two sides of I'ne as in Figure 2. Let u,w solve
(2.1) and w,u solve (2.4) and (2.5) then

N-1
ALY v | DU 720,y SCVAEY (Datht, Oatha, Oar(agy — g2), Oards)

n=0
+ CE (Ouh, Ocha, 0x (g1 — g2), 0Ga)
+ CVfHaAtg%H%z(Qf) + Cv ZH(OaW, 0a:U, Oar )

N—-1
+CALY villhs 1320,

n=0
Since Oa:U and Oa¢W satisfy the same equations as U, W with time difference right-hand sides,
we have

Corollary 4.7. Suppose that 3 is perpendicular to the two sides of I'n. as in Figure 2. Let u,w solve
(2.1) and w,u solve (2.4) and (2.5), then

N-1
ALY vplID* (02U ) 720, SC(E{V (0at0zh1, 0ntOaha, Oni0s (g1 — g2), Ont0aio)
n=0
+ 125 (DRh1. Oyha, 04 (a9 — 92),0R,32) )
(4.19) + Cl10a:0:35 1120,y + CZH (0a10: W, Ont0:U, Onedu )
+ Cvp Z2 (03, W, 03,U, 02, )
N-1
+ Cvpl|0a3 1720, + CAL Y vpl0ahs ™ [172(q,)-
n=1

Then, it is straight-forward to obtain the convergence rate by estimate the right-hand sides. See
Appendix C for a proof for the following Corollary. Note that we need the following additional
assumptions.

Assumption 4.8.

(4.20) 10:02u(0)]| L2(x) < C’(At)%7 10:021(0) || 2(x) < C(At)%.

Corollary 4.9. Suppose that % is perpendicular to the two sides of I'ne as in Figure 2. Let u,w solve
(2.1) and w,u solve (2.4) and (2.5) then, under Assumptions 4.2 and 4.8, we have

N-—1
ALY | D*0aU™ )220,y

n=1

< CA* (D + Y + Yz + Y

+ V,%||3152U||2Loo((o,T),H2(Qf)) + V)?g”8?“”%00((0,T),H1(Qf)) + VfHa?uH%P((O,T),LQ(Qf)))
where Q) is defined in Corollary 4.5 and Y is defined as

1 1 1
Y 12178Hawafw||2Lz(o,T;L2(Qs)) + (ij + a)\|5x5§U||i2(o,T;L2(Qf))

2 3
vi Vs (vf)
(4.21) + (@ + E)||a$at2u||2L2(O,T;H1(Qf)) + 7“8m8t2u||%2(0,T;H2(9f))
a? 1 1/]%
+ 7||3wat2u||2L2(o,T;L2(z)) + 7f||a$8t2|||2L2(0,T;L2(E)) + $||818§U||2Lw(o,T;Hl(Qf))
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and Y3 is defined as,

2 2 2 2
Yo = max [1020.:w(s)] 320, + max [070:u(s) 3,

2
@« 2 2
(U A i (070,u(5) )

1 2 2
+ 5(1 + At oax 105 0:1(s) 172 (5))-

5. NUMERICAL EXPERIMENTS
In this section we provide numerical experiments that agree with our theoretical results. We let
ew = |UN|r20,), €1 = 1UY = UN 1200,
eon = [(UN =UNTY) = (O = U ) 1200),
ex =AY l2my,  ern = AN = AN L2
eru2 = [UY = U g2,

All numerical experiments are performed using FEniCS and multiphenics [2, 4]. Although we only
analyze the semi-discrete method, here we present the results for a fully discrete method where we use
the piecewise linear finite element method for the spatial discretization, except for the computation of
€1,4,2, Where we use the piecewise quadratic finite element method because piecewise linear function

do not approximation a function well in H2-norm. In addition, we also present convergence rates for
the Lagrange multiplier.

Ezample 5.1. We consider the domain Q = (0,1)2, Q¢ = (0,1) x (0,0.75) and Q5 = (0,1) x (0.75,1).
See Figure 2 for an illustration. We take vy = 1 = v, and take the solution of (2.3) to be

w=u=¢ 2t cos(mxy) sin(maxq).

We take h = At, T'= 0.25 and « = 4 where h is the mesh size of the triangulation.

At €y rates e1u rates €2, rates
(1/2)2 7.65e-02 - 7.73e-02 - 6.57e+01 -
(1/2)3 || 3.72e-02 | 1.04 | 5.87e-02 | 0.40 | 1.55e-01 | 8.73
(1/2)4 1.74e-02 | 1.10 | 1.47e-02 | 1.99 | 7.91e-03 | 4.29
(1/2)5 7.95e-03 | 1.13 | 3.58e-03 | 2.04 | 1.27e-03 | 2.64
(1/2)6 3.52e-03 | 1.17 | 8.41e-04 | 2.09 | 1.75e-04 | 2.85
(1/2)
(1/2)
(1/2)

1/2)7 [ 1.62-03 | 1.12 | 1.96e-04 | 2.10 | 2.15e-05 | 3.03
1/2)% [ 7.70e-04 | 1.07 | 4.69e-05 | 2.06 | 2.62e-06 | 3.04
1/2

911'3.75e-04 | 1.04 | 1.14e-05 | 2.04 | 3.22e-07 | 3.02

TABLE 1. Errors and convergence rates of UV for Example 5.1

As we can see from Tables 1-2, the L? error at the final step, e, is of order (At) whereas the
difference of two consecutive errors, ey ,, is of order (At)? and the second difference, es,, is of order
(At)3. The L? error of the Lagrange multiplier at the final time, ey is of order At and the difference
e1,x, is of order (At)2. Tt is also clear that the H? error of the difference of U, €1 .2 is of order (At)?
as we proved in Corollary 4.9.

Ezxample 5.2. In this example, we test our algorithm for a non-horizontal interface problem. We
consider the domain Q = (0,1)? and we let X be defined as the straight line connecting (0, 0.25) and
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At e\ rates €1,) rates €1,u,2 rates
(1/2)2 2.55e-01 - 2.55e-01 - 1.33e+401 -
(1/2)3 9.73e-02 | 1.39 | 2.41e-01 | 0.08 | 1.11e+01 | 0.26
(1/2)4 3.06e-02 | 1.67 | 4.41e-02 | 2.45 | 2.61e-01 | 2.08
(1/2)5 1.62e-02 | 0.92 | 6.69e-03 | 2.72 | 5.76e-02 | 2.18
(1/2)6 9.20e-03 | 0.82 | 2.06e-03 | 1.70 | 1.40e-02 | 2.04
(1/2)
(1/2)
(1/2)

1/2)7 || 4.55e-03 | 1.01 [ 5.28e-04 | 1.97 | 3.32¢-03 | 2.07
1/2)% || 2.23e-03 | 1.03 | 1.31e-04 | 2.01 | 8.03e-04 | 2.05
1/2)? || 1.10e-03 | 1.02 | 3.26e-05 | 2.01 | 1.97e-04 | 2.03

TABLE 2. Error and convergence rates of AV for Example 5.1

(1,0.75). We then define €); as the region above ¥ and Qs as the region below X. We take vy =1 = v,
and take the solution of (2.3) to be

w=u=e 2"t cos(mxy) sin(mas).

Other parameters are identical to those of Example 5.1.

We report the convergence results in Tables 3-4. We again observe expected convergence rates for
both UYN and AY. It indicates that our methods also work for a more general interface problem.

At €y rates €1,u rates €2.4 rates
(1/2)2 8.05e-02 - 9.64e-02 - 4.87e+01 -
(1/2)3 5.10e-02 | 0.66 | 4.23e-02 | 1.19 | 1.36e-01 | 8.48
(1/2)4 2.46e-02 | 1.05 | 1.57e-02 | 1.43 | 4.94e-03 | 4.78
(1/2)5 9.20e-03 | 1.42 | 4.07e-03 | 1.95 | 1.47e-03 | 1.74
(1/2)6 3.52e-03 | 1.38 | 8.46e-04 | 2.27 | 1.82e-04 | 3.02
(1/2)7 1.52e-03 | 1.22 | 1.86e-04 | 2.18 | 2.11e-05 | 3.11
(1/2)8 7.00e-04 | 1.11 | 4.33e-05 | 2.10 | 2.49e-06 | 3.08
(1/2)9 3.36e-04 | 1.06 | 1.04e-05 | 2.06 | 3.02e-07 | 3.04

TABLE 3. Errors and convergence rates of U for Example 5.2

At €\ rates e1,) rates €1,u,2 rates
(1/2)% || 8.51e-01 | - |[8.54e-01 | - |[2.04e4+01 | -
(1/2)3 5.01e-01 | 0.76 | 3.81e-01 | 1.16 | 9.67e-01 | 1.08
(1/2)4 1.94e-01 | 1.37 | 1.45e-01 | 1.39 | 3.66e-01 | 1.40
(1/2)5 5.34e-02 | 1.86 | 2.44e-02 | 2.58 | 9.08e-02 | 2.01
(1/2)6 1.84e-02 | 1.54 | 4.38¢-03 | 2.48 | 1.86e-02 | 2.29
(1/2)
(1/2)
(1/2)

1/2)7 || 7.49e-03 | 1.30 | 9.10e-04 | 2.27 | 4.04e-03 | 2.20
1/2)% [[ 3.39¢-03 | 1.14 | 2.07e-04 | 2.13 | 9.31e-04 | 2.11
1/2)% || 1.61e-03 | 1.07 | 4.95e-05 | 2.07 | 2.23e-04 | 2.06

TABLE 4. Error and convergence rates of AV for Example 5.2
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6. CONCLUDING REMARKS

We analyzed the Robin-Robin coupling methods [12] for parabolic-parabolic interface problems and
proved higher convergence rates in time for the first-order and second-order discrete time derivatives.
We also prove H? estimates of the discrete time derivatives in a special case. All the estimates in
this work are key ingredients in proving that a prediction correction method [14] produces a O((At)?)
convergence rate.

APPENDIX A. SKETCH OF PROOF: COROLLARY 4.4
Proof of (4.11) in Corollary 4.4. It follows from (3.6) that

At
ZYW,U,A) + SYW,U,A) = Z°(W,U,A) + AtFY(W,U) + ;<§;,A1>
At
— 1 =" ~1 Al
AtF (VV?U)—’_ o <g27 >a

where we use the fact that Z°(W,U, A) = 0. By the definition of F! in Lemma 3.2 and the proof in
Lemma 3.3, we have

ZNW,U, ) + S (W,U,A) = At((=h}, W) + (=h3,UY); + (agh, W) + (3, U1) ) + %@%,Aw
=S +85+...+S55.

For S7, we have
1
At(—hy, W), < Z||W1||2L2(QS) + C(AY)?* k1720,
- 4 2 2
< LIy + CA* max 0Fw(s)] 3,
The term S can be estimated similarly:
1
1771 192 4 2 2
At(=hy, U™y < Z”U 122(a,) + C(A) ohax 10£u(s) 1220,
The term Ss3 is estimated as follows where we use a trace inequality,

At<o¢g}, W1> VSAt

IVWHIZ ) +C At||91||L2

(A1) At
Vs
= ||VW ||L2 Q) +C At”” - UO”L2

ul —u® = Atd,u(0 / / 82 s)dsdr.
we have

(4.2) 6t = )32y < CADI0UO0) 2y + C(AN* max [0Fu(s) 3 )

Moreover, using

It follows from (A.2) that

I/s At

At{agy, W) < = —[VW![72(q,) +C At((At) 10:u(0) 17 s, Jr(Alﬁ)‘*Orglsagg1 107 ()12 (s))-

Similarly, we have the following estimate for Sy:

alAt At
At(gh U < R0 sy + C2 (A1) B + (AN mae [071(5) 3z,
0<s<ty



At last, for S5, we have,

At At A1) <
(A.3) @
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||A1HL2(2 +C

1
< @HA 125y +C—

||92HL2(2

At

Combining all the estimates above we obtain

((At) [9(0)1 725 +

4 2 2
(At) omax 1071(s) |22 (5))-

<C(AN* max [[92w(s) [, + C(A0" max [57u(s)]2(q,)

Z'(W,U,A) < C(A*Y,,

ZHW,UA) + SH(W, U, A)
2
(A-4) + CZA(At
Vs
A
4ot
!
Therefore, it follows from Assumption 4.1 that
(A.5)
where

Y1 = max [[07w(s)]|72(q,) + max [[07u(s)

0<s<t;

0<s<ty

a” 2 2
+ " (1 + Atogaél 1163 U(S)HL?(z))

1 2 2
+—(1+At magl 101 ($) 122 (5))-

Notice that Z1(Oa:W, OatU, OatN) = (At)
due to (4.3). Hence we have

(A.6)

S ZY (W

_ WO,Ul _ UO7A1

ZHOa:W, 06U, OnA) < C(AL)?Y,

(AL [[0(0) |7z (s + C(AL)* oax 1071122 (s))-

H%?(Qf)

P03z + C(A" max [52u(s)]Fa(s)

17

—A%) = & Z' (W UL AY)

O

Proof of (4.12) in Corollary 4.4. Denote UnH1 = Oa, UL, Wt = g, Wt £ntl = g AL
First, we notice the following equation is valid.

<L‘41,Z> ZLl(Z),

- L1)7U> :L3(:u)7

_gé7z>,

(A.7a) (W, 2)s + vs(VW?, V2), + a(W? = U, 2) +
(A.7b) (UQA_;ul ,0) 5 + uf(vu2, Vo)y — <52,v> =Ly (v),
(A.Tc) (a(U? = W?) + (£?
where
Li(2) :=— (3Ath%, z)s + <048Atg% - 5At9§7 Z>,
La(v) := — (Oath3,v)s,
Ls() :=(Oarg3, 1)-
Note that the following is also valid at ¢q,
(A.8a) (Ttl 2)s + Vs (VW V2), + a(W', 2) = — (h,2)s + (ag;
(A.8b) (Z v)f 4+ v (VU Vo) — (A, v) = — (h},v)
(A.8¢) (Ut =W + A, ) =<92,u>,
where we use the fact W% = U? = A® = 0.

z € Vs,

vEVf,

we Vg,

z € Vs,

’UGVf7

wE Vg,
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2 1 2 1 2 _opl 1 1 1 ..
Denote 902 = W-22W g2 — U220 g2 — A28 gpl = W gl = L& ¢l = & Divide (A.8)

by At and subtract it from (A.7), we have the following

QBQ _ in
(A.9a) (T, 2)s + vs(VW?, V2)s + a<ﬂﬂ2 -yt z> + <21, z> =L1(2), zé€ Vs,
u2 -yt
(A.9b) ( A7 )5+ v (VU Vo) — (£€2,0) =La(v), v € Vy,
(A.9c) (a(U? — %) + (€% — &'), ) =Ls(p), peVy,
where
hi —2h 9t —291 93 — 29
Lie) == (g ah oo — T %)
__h3—2h;
La(v) == — (Tav)ﬁ
95 — 293

Lo(u) :=( 2222 )

It follows from Lemma 3.2 that the following relation holds:

2 2 _ 7l 2 At 9%_29% 2
Z2(,4, L) + S*(W, U, £) = Z1 (W, U, L) + AtF3(, 41) + E<T’£ ).

Notice that Z2(20,4, £) = (At)2Z%(03,W, 0%,U,0%,A) and Z1 (W, 40, L) = Z'(OaW, OarU, OarA).
Therefore, we have

(AL)2Z2(03,W, 04, U, 0a,A) + S*(2, 44, £)

(A.10) 2 _ 9,1
= ZY(OpW, 00U, OarA) + ALF?(20, 81) + At(%,w.

(%

Now we estimate the right-hand side of (A.10) term by term.
For ZY(Oa:W, 0a:U, Oa¢l), it follows from (A.4) that

21 (0aiW, 00, 018) <C(A0 mave 07w(s) [F2q0,) + C(A? max [9u(s) 3,
c AL([18,0(0)|P C(A)? 82u(s)|?
(A11) + O A[00(0) 33 + CAN? max (07u(s)]E2(s)

+ CEL 0Oy + O . 1571(5) )
By the Mean Value Theorem, we have
(A.12) D2w(s) = 0?w(0) + sd3w(0),
where 0 < 6 < s. Therefore, we obtain

2 2 2 2 2 3 2
(A.13) omax [[07w(s) 20, < 10 w022, + (A1) | max [10;w(B)]72(q,)-
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Applying the same technique in (A.13) to u and |, the estimate (A.13) becomes
ZN(OatW, 0atU, Oni )
< C(A)?0Fw(0)1Z2(q,) + C(AL?[[07u(0)]|22(q,)
+C(At)*  max 1 107w (O)172(q,) + C(AH)*  max ) 10¢u(®)1220,)

0<0<s<t 0<O0<s<t

2
(0%
(A.14) + O A(0u(0) 3y + AN max [07u(0) [F2s))

At 2 4 3 2
CELIDIO) )+ CAN* | oo 1O ss)
a? At
+ O (a1)57u(0)1 z>+c( E 0810 s

Now we estimate the following term

h—2hi _ h3 —2h3 o 91 —291 0 1 95— 293
B ), () (2 ) 2]

Firstly, it follows from the definition of h; and (A.13) that

AtF?(0,40) = At|(—

h? — 2hi
At(— e e S 2
H(-L ),

2
AT gyt

:At(aitw - 8At(atw )? wz)s + (h’%a QnQ)s

1
(A.15) <1022 q,) + C(AD?[0AW? — 0ac(Ow?) |22, + Cllh1l1 72
1 2112 4 3 2 2 2 2
< 1W°(72(q,) + C(AY) ohax 07w ()| 72q,) + C(AL) X 105w ()72 (0,

1
<1020, + C(AD! max [08w(s)]2aqa,)

—|—C’(At)2||8t2w(0)|\%2(98)—|—C'(At)4 max ||8fw(0)||%2(95).

0<0<s<ty

Similarly, we have

h:—2nk
A W

1 2112 4 3 2
(A16) SZHM ||L2(Qf) +C(At) Olgnsagiz Hatu(s)HLQ(Qf)

At(—2

+C(AD?(|07u(0)|[72(, ) + C(AH)*  max 1 107u(0)72 (-

0<0<s<t

We then have, by the definition of g1,

At<g1 Afgl QH2>

(A.17) :aAt2<8Atu %) + a(—(u' —u”),20%)

(At)

o2
<35 VsAt||VQB2”L2(Z)+C |07, u? HL2(2)+O ||U —u ||L2(z)

Notice that
1 t2 T
03,u? =3t2u(0)+—/ (At — |r—t1|)/ d2u(s) dsdr,
AtQ to 0
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and thus

(A.18) 10X [1Z2 (s < ClIOFUO)IZ2 () + CAL max [[07u(s)l|zz(s).

ul —u® = Atd,u(0 / / 82 s)dsdr,

(A.19) lu' = w0725y < CAL(|O(0)[|72(s) + C AL onax. 107 ()11 (s -

We also have

and therefore

Then (A.17) becomes

aAt<% 27)

1
(A.20) SivsAtIIVQWH%Z(g) +C

a?(At)?
> (107u(0)[|72(x) + AL Jmax 107 u(s)]|72(s)

2
« 2 2 2 2
+ CZAt(”atU(O)”Lz(z) + (At) oA 107 u(s)[[Z2(x))-
By using the Mean Value Theorem again, we improve (A.20) further as

2 o1
aAt<%m2>

<L avar )2 @B oz 02 At? &3u(s)|?
S5vs [ 122z + » (lo7u( iz + 02%2“ tU(S)Hm(z))
2
«
+ CjAt(H@tu(O)IIQLz(z) + (A6)?[[07u(0)]|72(s))
(A.21) ;

2
+c“—At5 smax [Fu(0) [Faqs)

(At)

<5 usAtnvan?uLZ(E +c? (107u(0)1Z2(z) + A max [107u(s)]72(x))

o 2 4 3 2
+ O A ([00(0) T2y + (AD* | _max [0Fu(6)]7z(x,)).

The last term in AtF?(20,4) can be estimated similarly as follows. We have
At <u L[l g2 2g2>
At
1
§§VfAt||V5~12H%2(z) + §VfAt||Vul||2L2(z)

A.22
(A.22) Lo (At)

(1921O) 172 sy + AL max [[01(s)l[72x)
o? 2 4 3 2

The first term on the right-hand side of the inequality in (A.22) can be kicked back to S?(20,4, £),
the second term can be estimated similarly by (A.4) and (A.14).
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The last term %<92 Ai‘% £?) can also be estimated similarly. We have

At 292 9
a < At £ >
At At
(A.23) B2, + 0B (0210 sy + A2 max [671(5)[22cs)
0<s<to

+05At(||3t|(0)lli2<z>+(At)4 o (10710 2ax))-

Combining (A.14) to (A.23), we have the following estimate for (A.10) under the Assumption 4.2.
(A.24) (A2 Z2 (03, W, 04,U, 03, A) + S%(20, 44, £) < C(At)*Yo,
which gives the desired estimate (4.12). Here Y is defined as:

— 3 2 2
Yo max [3Pw(0) 3, + e [0Fu(6)Fzc,)

At o 1
max ||8?U(9)||%2(2)+(7+5)At max_[|571(0) (|72 s

Vg 0<0<s<t; 0<0<s<ty

+

+ max [[0pw(s)|zz0,) + max [107u(s)l|Zzq;)

(A.25) 0<s 0<s<ts
QN o} 7 o 1 A 22(s)|13
gmax [0 u(s) | 725y + (Z + a) togljgg 10710)]122(x)
o> a? 1
+—+—+—+1L
Vg vy «
O
APPENDIX B. SKETCH OF PROOF: COROLLARY 4.5
Proof of (4.13) in Corollary 4.5. To prove (4.13), it is suffice to bound the term =) (hy, he,agr —
g2, 32). Note that since g5t = g™ on ¥, we have
=1 11
=0 (h1, ha, ag1 — g2, G2) =At Z(;Hh?ﬂniz(gs) + (; + a)”thHQL?(Qf))
n=0 "%
No1oy N-1
+ At Z v ||8At~n+1”L2(Qf) + At Z ( ! HVNnH”Lz(Qf *HNnHHLz(Qf))
n=1 n=0
No1o 1
+a0 Y (llag e + —Hm“nm)) + 5135 1320,
n=0

=T +Tr+...+7Ts.

All the terms in Z{ (hy, ha, g1 — ga, §2) can be easily estimated by (B.2b) except the T3 and Ty. For
T3, it follows from (B.5) that,

N-1 N—
1 ~n n
Atz Vra 3 19a:g e, = (A)? Z 2||6At| ey
n=1 n=1
(B.1) (AL)?

27
<C vra? 101172 0,722 (2,

1%
< C(At)Qa—’;IIGEUIIiz(o,T;Hlmm
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The term T4 can be bounded as follows,

3 N—
v ~ n n n n
Atfznwwﬁwmmﬂ<cAt §j@v H e u) B + 1D = u)Faq)) )

Here D?u denotes the Hessian of u. Using (B.2a) we get

o (vf)” )

N—
—é}:nvwﬁwuam>«ﬂAw 10eul13 20 7.2 (02, ))-

The estimates above imply (4.13). O

Before we prove the estimate (4.14), we need the following preliminary results. We use the Bochner

1/2
norms ||v||z2q,5,x) = (f lo(-, ||de) and [|v]| oo (a,5,x) = €88 SUp,<5<||v(+, 5)||x. For a Sobolev
space X, it is well known that

tnit

(B.22) nwwl—wwﬁscAg/ 18,0(-, 5)|%ds,
tn
tn 1

(B.2b) ||8Atv"+178tv"+1\|2 <CAt/ ||5'2 (-, )||§(ds,
tn

(B.2¢) /Hv $)l%ds <(b— @) [0]2 @i

The following identities can easily be shown

At
(B.3) oR V" = 7)2/ (At — |s))02v (-, tn + 8)ds,
—At

2 . n_ 92 ,n—1 At
Oav" = a1 / (At — [s]) (D20( tn + 5) — O20(,ty1 + 5))ds

At (At)3 J_a

(B.4) 1 At tnts ,

= (At — |s|)/ Oyv(-,r)drds.

(At)? J_ay tn_1+s !
From these we can show that
B.5 Borli < S [ oo 9
(8.5) Rl < 55 [ IouCs) s
and
82 o — 82 p—1 C tn41

(B.6) | A =S g <= [ oRuC )

tn_2
Proof of (4.14) in Corollary 4.5. Tt is similar to prove (4.14). Indeed, let us define, for j = 1,2

1 _ 41 Antl _ g antl 1 _ +1
G;" =0atg}" . G =0atgy™, HIT =0ath] T
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We then need to bound the term

Ef(fﬁjfb,aCh<—Cé,ég)
N-1

1, 11,
=At Z (;||H1 22, + (; + a)HHz +1||%2(Qf))
n=1 $
N-1 ) Nl L
+ At Z WH({?MGSHH%z(Qf) + At Z (a*j;HVGSHH%z(Qf) + a||G§+1|‘%2(Qf))
n=2 n=1
— /1 2 Ly An+1)2 L ang2
+ 803 (SrllaGalae + 5168 MEa)) + 27168 a0
n=1 s

=Ri+ Ro+ ...+ Rs.

For Ry, it follows from the definitions of H'™! and h"** that,

. Rt e\ ?
I W = [ (Bg) o

s

/ (a,w+1 — Dacw" L — QW + Opw" ) ?
= dz
Qs

At
= / (Oat(Opw)™ ™t — aitw")z dx

s

(B.7) = /Q (Oat(Opw)™ T — OFw™ + 7 w" — agtw”“)2 dx
1 tnt1 ?
< C/ (At/ (02w(t,) — O2w(s)) ds) dx
Q. tn
1 fnt1 ’
+C A ((At)2 /t (At —|s — o) (87 w(s) — Ofw(tn)) ds) dx

< CAHOWI T2 (1, 1t i0). L2020

Therefore, we obtain

N—-1

1, 1
(B.8) At Z ;||H1+1||2L2(Qs) < C(At)le|\5§W||2L2((0,T),L2(Qs))'
n:1 S S

The estimate of Ry is similar to that of Ry. The term Rj3 can be estimated as follow by (B.6),

= 1 Amt1)2 3N_1 1 03,0"—a%," ",
At nX::z e 10a:Gy ™ 1210,y = (At) nX::z Va2 | At 17200,
(B.9) (AD)?
<C 101172 0,722 (52,

via?

14
< C(At)Qa—’;HGE’UIIiz(o,T;Hl(nf))-
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For Ry, it follows from the definition of | and the fact [Vlr2(a,) < C that,

- ~ ~ 2
N vintl — oy 4 vt
VG2, :/ dx
H 2 ||L (Qf) Qf ﬁt

LA 02Vi(s) d 2d
/Qf At/tnl (At — |s — ta))02Vi(s)ds | da

(B.10) tors i 2
<C (/ |02V1(s)| ds> dx
Qf

tn—1

tni1 ~
< om/ / (02V(s))2 ds dz
Qf trn—1

< CVJ%At”atQU||%2(tn,1,tn+1;H2(Qf))7

and hence,
N—-1 vy (V?)
Am41
(B.11) At Z ?”VGSJF H2L2(Qf) < O(At)Q—QQ ||8t2uH%2(O,T;H2(Qf))'
n=1

The remaining terms Rs to Rg can be estimated similarly, we give the estimate of Rg here:

gt —gr\
161 ey = [ (D L) ao
:/ (U"“ —2u" + U”‘1>2 do
(B.12) > At

1 tn41 ) 2
= — At —|s —t,])0 u(s)ds | do
L(At/t (A~ Is — ta])37u(s) )

n—1

< CAF U2t i) 12(2)):

and therefore, we obtain
— 1 2 20 o
(B.13) ALY ;\\GG1||L2(2) < C(At) 7”@ ullZ2 (0,1, 2(x))-

n=1°

The last term ||0a¢G3 ||%2(Qf) can be estimated similarly as (B.10) by using (B.2c) as follows. We have
(B.14) 104211720,y < CVEALO7ul 24y taimrr (0,
< CVJQ‘(At)Q||8t2u||%°°(07T;H1(Qf))‘

In order to prove (4.15), we define the following quantities for j = 1,2,
(B.15) Gl = 0a G, HOT = OaHIT GET = 06, G

Note that we also have the following

(B.16) gr _ 9812208 +g57t I8l 43t
’ (At)? (A2
Denote
n+1l _ 3" + 3 n—1_ ,n—2
(B.17) 83,0+ = v v" + 3v v

(At)? ’
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thus we see that

9n+1 gg _ 83Atin+1 _ 8ZtTn
(AD)? Al '

(B.18)

Moreover, we see that

v 3 Unfl
B <></ (A = [s)(0F0(-rta + ) = OFu(- b+ 5))ds

/ (At —|s)(7v(-s ty—1 +8) — OFv(, tyo + s))ds)

1 At
=0 </ (At — |s]) (020(- bty + 8) = 2020(, tp1 + 8) + FF0 (- s + s))ds>
—At
1 At tn+ts
(At /A (At - \SD/ (At — |r =ty 1 )00 (-, ) drds.
—At tn_2+s

Therefore, we obtain the following estimate

IR — 00"t c [t 2
. < . ]
(B.19) IR e < g [ ot

Proof of (4.15) in Corollary 4.5. We now bound the term =N (9%,h1,03,h2,0%,(ag1 — g2),03,32)
which is 2N (Hy, Ha, (aS1 — G2), G2) according to (B.15). The techniques are similar to those men-
tioned above. We present the key estimates involving H; and G, first. It follows from the definition
of H* that,

potl - 2h” + R
n+1 o
G o) = | (B ) e
B / Onul 8tw ntl 92 wrt — (Oa(Bw)" — 0% W)\ o
= Ja. At
= [ (3%, (0w)™! — a2 W) da
Qs
(B.20) (02, (Bew)™ ! — DBw™ + APw™ — 3, wth)? da
Q

s

C/ (At /+( t‘|S—tn|)(3f’W(8)—0f’w(tn))ds) dz

tn—

1 At tuts , 2
—|—C/ 7/ At —|s / ow(t,) — ow(-,r)ds | dx
QS<(N)3 ot [T awit) o)

< CAHOWIT2 (1, it in) L2000
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We also have, according to the definition of | and the fact ||V¢||Lz(gf) < C that,

_ virtl _ovitgvinTt  vit—2ovitTlyvinT? 2
”v9n+1”2 :/ At At dx
2 L2(Q
(25) oy At

1 At . . 2
:/Q ((At)Q/ (At—|s|)(8t2V|(~,tn+s)—8§V|(-,tn_1+s))ds> dx

—At

1 At tn+s B 2
< C/ —/ | ONI(-,r)dr|ds | da
a; \AJ_Ar Jey_14s

tnt1 5
< CAt/ / (OVI(-,r))* dr dx
Qf tn—2
< CViAOFulltage, y t0ini2()))-
It follows from (B.19) that,

(B.21)

N-1 N-1 T T
1 s ntlo _ 3 S VLT
At Z WII%SQ I22(0,) = (At) Z Va2 [ AL 1220,
n=3 n=3
(B.22) (At)? 4~
< Ciyfag 1031172072200,

v
< O(A? 5110/ ull 3207 0, )-

The last term H@Ztgg’ﬂisz) can be estimated similarly as (B.21) by using (B.2c¢) as follows. We
have
(B.23) Hait‘ég”ii’(ﬂf) < CV]%At”a?u||2L2(t0,t3;H1(Qf))
< CVHAD? 07 ullF e 0.0 (00 )) -

Then we follow the same idea as before and obtain the following bound:
(B.24) 25 (H1,Hs, (a81 — 92), 52) < C(A1)*),
where 9) is defined in (4.18). O

APPENDIX C. SKETCH OF PROOF: COROLLARY 4.9

Proof. According to Corollary 4.7, we need to bound the terms on the right-hand side of the inequality
(4.19). The analysis to bound the first term Z (Oa;0.h1, OntOsha, OniOs(agr —g2), Oat0xGo) is almost
identical to that of the term E{V (Hy, H2,aG1 — G, G3) except the additional partial derivative which
does not affect the techniques. Therefore, we obtain the bound

(C.1) EN(Oa:0.h1, OatOuha, OniOp(agr — g2), Oni0:G2) < C(A)?Y,

where Y is defined in (4.21). The second term in (4.19) is bounded in Corollary 4.5. The third

term, the sixth term and the last term can be estimated similarly by (B.14), (B.23) and (B.8). The

term Z2(9%,W, 0%,U, 0%, A) is estimated in (4.12). The term Z'(9a;0:W, 0a10.U, Oa10,A) can be

estimated similarly to (4.11) under Assumption 4.8. This finishes the proof. a
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